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Abstract

The purpose of this research is to conduct fundamental investigations of tur-
bulent mixing, chemical reaction and combustion processes in turbulent, subsonic

and supersonic flows. The program during this reporting period was comprised of

several parts:

a. an experimental effort,

b. a numerical simulation effort,

and

c. an effort to develop instrumentation and diagnostics; flow and combustion

facilities; and data-acquisition systems.

The latter as dictated by the specific needs of the experimental part of the program.

Our approach in this research has been to carry out a series of detailed theoret-
ical and experimental studies of turbulent mixing in primarily in two, well-defined,

fundamentally important flow fields: free-shear layers and axisymmetric jets. To
elucidate molecular transport effects, experiments and theory concern themselves

with both reacting and non-reacting flows of liquids and gases, in fully-developed
turbulent flows, i.e., in moderate to high Reynolds number flows. A criterion for

fully-developed turbulence was recently developed and will be presented below.

The computational studies are, at present, focused at fundamental formula-

tion and implementation issues pertaining to the computational simulation of both

compressible and incompressible flows characterized by strong fronts, such as shock
waves and flames.

Our diagnostic development efforts have recently been focused on improving

the signal-to-noise ratio of flow images, in both gas- and liquid-phase flows, as well

as the continuing development of data-acquisition electronics to meet very high-

speed, high-volume data requirements; the acquisition of single, or pairs, of two-

dimensional images in rapid succession; and the acquisition of data from arrays of

supersonic flow sensors.
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1. Introduction

Progress made under the sponsorship of this Grant, for the period ending 31
May 1993, has taken place in several focus areas. This is discussed in the cor-
responding sections below. Additional documentation can be found in the recent

reports and publications included as appendices to this report, as well as in the
reference list (Sec. 8). Additional copies of any of this material are available on

request.

Work in preliminary stages, at this writing, and not documented in the discus-

sion below, includes:

a. progress and advances in signal-to-noise ratio in gas-phase, supersonic-flow

imaging;t

b. calculations and design for an upgrade of the Supersonic Shear Layer (S3L)

combustion facility scheduled during the next twelve months;

c. an analytical effort to understand mixed (super-/sub-sonic) flow;

and

d. advances in computer-aided-design and fabrication of electronic circuitry.

Parts of this effort were cosponsored by an ARPA/ONR contract, the Gas
Research Institute, and JPL.
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t Related work in liquid-phase jets is discussed in Sec. 4.2. wall and/or
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2. A criterion for fully-developed turbulence

Recent data on turbulent mixing suggest that the mixing transition, previously

documented to occur in shear layers, also occurs in the far field (xzd > 30) of

turbulent jets jets, as well as other flows. Specifically, a transition to a more well-

mixed state has been observed experimentally in,

a. pipe flow,

b. in the near-field (x/d < 15) of round jets,

c. in cylinder wakes,

d. in grid turbulence,

e. in thermal convection,

f. in Couette-Taylor flow (between concentric cylinders),

as well as

g. in recent numerical simulations of turbulence in a spatially periodic cube.

The resulting, fully-developed turbulent flow requires a minimum Reynolds number
of Re z 10i, or a minimum Taylor Reynolds number of ReT "t 102, to be sustained.

The transition itself must be regarded as a more-or-less universal phenomenon.

Turbulent mixing in this fully-developed state does not appear to be universal,

however, with a qualitatively different behavior between shear layers and jets. See
also discussion in Miller & Dimotakis (1992).f These observations were presented
at the Turbulence Symposium in honor of W. C. Reynolds's 6 0 th birthday, 22-23

March 1993 (Monterey, CA).

A GALCIT report documenting this discussion is included as part of this report

as Appendix B.

t Included in, this report as Appendix A.
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3. Mixing and combustion in supersonic, turbulent shear layers

Several "flip" (Koochesfahani & Dimotakis 1986), chemically-reacting, super-

sonic shear-layer flow experiments have been performed in the last year. These are

part of an attempt to separate Reynolds number effects from compressibility (Mach

number) effects. In our previous compressible work (Hall et al. 1991), Reynolds

number effects were acknowledged, but could not be specifically addressed.

The recent results indicate that Reynolds number effects are the probable pri-

mary cause of lower mixing (rate), at moderate compliessibility, relative to that

documented on the basis of previous data in incompressible reacting shear layers,

at lower Reynolds numbers, as opposed to compressibility. This is an important

issue, not only theoretically but also from an applications point of view.t

Previously available, chemically-reacting flow data fall in the Reynolds number

range of 10' to 10'. The minimum Reynolds number for the compressible cases

is around 106. Important constraints, requiring that chemical reactions proceed at

atmospheric pressure to ensure that they are in the fast-kinetic regime, preclude

compressible runs to be performed at Reynolds numbers similar to those of the

incompressible data. It is possible to extrapolate the incompressible data to these

higher Reynolds numbers, but the uncertainty of these estimates is quite high.

In Hall et al. (1991), the primary compressibility effect observed was between

the medium and high compressibility cases. Those experiments, however, could not

distinguish between Reynolds number and Mach number effects and, as a conse-

quence, it was not possible to make definitive statements regarding compressibility

effects, at medium compressibility.

Figure 1 depicts the normalized product thicknesses at low stoichiometric ra-

tios, 4, for the compressible flow cases of Hall et al. (1991) as well as the incom-

pressible flow cases of Mungal & Dimotakis (1984), Mungal et al. (1985), and Frieler

(1992).0 The gap in Reynolds number, between the compressible and incompress-

ible flow data is clear. The recent flip experiment pairs were designed to reduce the

uncertainty in the Reynolds number effects at moderate compressibility (M, • 0.6).

The flip experiment pairs were made with H2/NO and F2 reactants in the

t D. Bushnell (private communication).

SSee also Dimotakis (1993), included here as Appendix B, for additional discussion.
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FIG. 1 Normalized product thickness for low 40. Squares and circles: Mungal & Di-
motakis (1984); vertical bar: Mungal et al. (1985); triangles: Frieler (1992);
arrow and diamond: Hall et al. (1991).

high- and low-speed streams, respectively, with mixtures of He and Ar as diluents.
Separate chemical kinetic numerical simulations and experimental investigations
were conducted to ascertain that the data were acquired in the kinetically-fast
regime. Four conditions were arranged in two pairs. In each pair, the compressibility
(Mach number), density, velocity and specific heat ratios were kept fixed. Within
each pair, the two Reynolds numbers were separated by a factor of about 2.5, i.e.,
nearly a half decade in Reynolds number. These experiments were designed such
that Reynolds number would be the only cause of changes in the chemical product
and mixed fluid thicknesses.

Our preliminary recent results can be compared with each other, as well as
with the existing body of data, both compressible and incompressible. In this com-

parison, the other differences in the data must be noted. Most of the incompressible
flow pair data were recorded at stoichiometric mixture ratios of 0 = 8,1/8. The
flows at medium compressibility were run with 0 = 4,1/4. The best assessment
of the difference can be made in terms of the two incompressible flow points from

Mungal & Dimotakis. These are runs at identical conditions except that 4 = 8,1/8
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for the squares, and € = 4, 1/4 for the circles.

Another issue to consider is that different data-processing used on the different
sets of data might result in differences between sets of data. To this end, the raw

temperature measurements from Hall et al. and Frieler were reprocessed using the
same procedures. Comparisons of these three sets of points will have no systematic

error.

The normalized product thicknesses for low O's is shown in Fig. 2. No evidence
of a Reynolds number dependence is discernible within the Reynolds number span of
the new (caret and star) data. This suggests that any differences between compress-

ible flows at these Reynolds numbers is not due to a change in Reynolds number.
There is little difference between the product thicknesses extrapolated on the basis
of the incompressible flow experiments and the medium compressibility cases. This
implies that the reduction of product thickness for the compressible cases, relative
to the previous, incompressible flow, experiments, is due to differences in Reynolds

number and not to compressibility.
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FIG. 2 Normalized product thickness for low 0. Square and circle: Mungal & Di-
motakis (1984); vertical bars: Mungal et al. (1985); triangles: Frieler (1992);
arrow and diamond: Hall et al. (1991); carets and stars: recent experiments.
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The normalized product thicknesses derived from flows at high 0 are shown
in Fig. 3. No Reynolds number effect is discernible in the four new data points.

Differences between the compressible experiments are probably not attributable
to the difference in Reynolds numbers. The product thicknesses from the highest
Reynolds number incompressible flow data are comparable to the medium com-
pressibility cases. Again, the implication is that the effect of compressibility on
molecular mixing is slight, if any, at medium compressibility.
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FIG. 3 Normalized product thickness for high 4'. Square and circle: Mungal &
Dimotakis (1984); triangles: Frieler (1992); arrow and diamond: Hall et al.
(1991); carets and stars: recent experiments.

The normalized mixed fluid fraction data, derived form the high- and low-0
"flip" flow pairs are shown in Fig. 4. The four new points provide no clear evidence
of a Reynolds number dependence for the clustered, compressible flow data. In

comparisons with the incompressible data, it is important to note the two points
from Mungal & Dimotaki:. As was noted for the product thickness results, it seems
that there is no real reduction in mixing due to compressibility.

Our recent preliminary data indicate that no strong dependence on Reynolds
number exists between the new, low and high Reynolds number, compressible flow
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FIG. 4 Normalized mixed fluid thickness. Squares and circles: Mungal & Dimotakis
(1984); triangles: Frieler (1992); arrow and diamond: Hall et al. (1991);
carets and stars: recent experiments.

cases. This indicates that differences between compressible flows, as with the two

cases of Hall et al., would not be due to Reynolds number. Extrapolation of the

incompressible results produces a reasonable estimate of the mixed fluid thickness

values of the new data. This implies that the documented reduction in the mixed

fluid fraction, at moderate compressibility, is due to the higher Reynolds numbers

and not the higher Mach number in the latter flows.

We appreciate that this conclusi(., must be regarded as preliminary, in view
of the data-less decade, or so, in Reynolds number across which the extrapolation

has been made. We hope to be in a position to address this deficiency in our future

work.

This work is part of the Ph.D. research effort of Chris Bond.
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4. Mixing and combustion in turbulent jets

The research effort on turbulent jet mixing, involving both the gas-phase, chem-
ically reacting and liquid-phase, non-reacting jet investigations, has been cospon-
sored by the Gas Research Institute, GRI Contract No. 5087-260-1467.

4.1 Gas-phase chemically-reacting jets

Previous experiments conducted in the High Pressure Reacting Vessel (HPRV)
have yielded significant information on the heat release distribution in a chemically-
reacting, axisymmetric jet. Those experiments documented the flame length de-
pendence on Reynolds number, in the range 1.0 x 104 < Re < 15 x 104, as well as
the existence of a Reynolds-number-dependent mixing virtual origin. In addition,
Damkhler number effects on mixing and the heat release distribution were inves-
tigated. See Gilbrech (1991) Dimotakis et al. (1992), and Dimotakis (1993),* for a

more complete discussion.

In order to characterize flame length behavior, these investigations were con-
ducted on a jet in a purely momentum-dominated regime. Below are presented
the preliminary results of an investigation conducted on turbulent non-premixed
reacting jets in a flow regime that cannot be regarded as in the purely momentum-
dominated regime. New and unsuspected results were found in both regions.

Specifically, in the region before the flame tip, there is experimental proof that
the heat release occurring in the reacting zone of the flow enhances not only the
entrainment, as had been know for some time, but also the mixing. In the post-
flame region, the line-integrated temperature field is characterized by a smooth
dependence on the adiabatic flame temperature rise, for a range of adiabatic flame
temperatures.

This part of the effort was principally undertaken by Dr. Dominique Fourguette.

* Included in this report as Appendix B.
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4.1.1 Heat release effects in the flame region

A detailed description of the experimental facility and the diagnostics can be
found in the Gilbrech (1991) Ph.D. thesis, as well as in Gilbrech & Dimotakis (1992).

A virtually unconfined, chemically-reacting axisymmetric jet (2.5 mm nozzle diam-
eter) of F 2, diluted in N2 , is discharged into a vessel containing NO, also diluted
in N2 . The adiabatic flame temperature rise, ATf, and the stoichiometric mixture

ratio, 0, are set by the relative concentration of the reactants. The nozzle-exit
Reynolds number can range over more than an order of magnitude by changing
the HPRV ambient pressure, thus not modifying other flow conditions. The ex-
perimental results are in the form of time-averaged, line-integrated temperature
measurements both in the flame region and in the post-flame region.

.,4

.3

0

- .2

0 Tf =f 13.7 K

•1 *ATf = 101 K

.0

.0 I I .1I I

-. 6 -. 4 -. 2 .0 .2 .4 .6

1og 1 0 (x/Lfo)

FIG. 5 Normalized product thickness for a purely and non-purely momentum-driven
flame, 4 = 14 amid Re = 1.0 x 104.
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Figure 5 shows the line-integrated temperature measurement performed in the

purely momentum-dominated regime and in the case where heat release signifi-
cantly affects the temperature distribution. Both axes are normalized by the flame
length measured in the momentum-dominated regime. In the purely momentum-

dominated case (very low heat release), ATf = 13.7 K, the heat release distribution
is a logarithmic function of the axial distance up to the flame tip and is indepen-

dent of the axial distance in the post-flame region (Gilbrech 1991). The logarithmic
dependence is discussed in Dimotakis (1993), which is appended to this report (Ap-

pendix B).

.4 i

.3

0

-J .2
%0

0 ATf = 13.7 K

O ATf = 46 K

A ATf = 144 K

+ ATf = 176 K

.0 I I J
-. 6 -. 4 -. 2 .0 .2 .4 .6

logo 1 (x/Lfo)

FIG. 6 Adiabatic flame temperature scan, 0 = 14 and Re = 1.0 x 10'.

At higher adiabatic flame temperatures (cf. Fig. 5 data at ATf = 101 K), the
line-integrated measurements reveal a larger heat release in the flame region, as
well as a significant excess temperature overshoot in the region of the flame tip.

Higher entrainment (of cold reservoir fluid) alone would result in the same, or lower,
temperatures in the flame region, and therefore cannot account for the larger heat
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release. The higher line-integrals of the temperature rise observed represent a new
result and indicate an enhanced mixing rate.

4.1.2 Post-flame region temperature field

The series of runs shown in Fig. 6 reveal the existence of a point xc in the
post-flame region where the line-integrated temperature is independent of AT1 . For
the case 0 = 14, this is located at xc/Lfo = 1.96. In other words, at a distance
downstream nearly twice the (reference) flame length, L10, i.e., the flame-length
measured in the (purely) momentum-dominated case. The relation, :c/Lro t 2
holds for all O•'s measured, as can be seen in the following table. These data also
suggest that the Reynolds number dependence of the normalized cross-over point,
XC/Lfo, is carried by L10.

Xc

Re XC/L fo
10 2.0 x 104 2.03
10 4.0 x 101 1.94
12 1.0 X 104 1.96
14 1.0 X 104 1.96
17.9 2.0 x 104 2.11

The consistency in the normalized cross-over point, xclL0o, provides further
credence to the method utilized to estimate flame length and that this estimate can
provide a useful scaling length. Additional investigations are underway to probe
further into the mixing and entrainment mechanisms.



13

4.2 Liquid-phase turbulent jet mixing

In our investigation of turbulent mixing and scalar interface geometry in liquid-
phase jets, we have obtained two-dimensional image data, in a plane perpendicular
to the jet axis, using laser-induced fluorescence techniques. High-resolution (1,024 x
1,024), high signal-to-noise ratio (-• 250 : 1) digital images over the full transverse
extent, in the far field of the jet interior, have been recorded with a low-noise,
cryogenically cooled, CCD camera. In work to date, such data have been acquired
in the Reynolds number range 3.8 x 103 < Re < 18 x 103. For these data, the
imaging station is at x/d = 300. Each of the 106 pixels in the CCD-recording array
is calibrated and normalized using ensemble averages of several background and
illumination images. This allows the instantaneous, local jet-fluid concentration
field, c(y, z, t), to be measured at the fixed x-station imaged on the array.

Our preliminary data confirm that this range of Reynolds numbers spans a
mixing transition in the far field of turbulent jets, as also documented elsewhere in
this report (cf. Sec. 2 and Appendix B of this report). In work in progress, we are
attempting to quantify this pre- and post-transition turbulent mixing state using a
variety of measures.

5. Analytical and computational effort

Our work on the use of Lagrangian methods to compute unsteady, 1-D gasdy-
namic flows, with and without chemical reactions, was recently published (Lappas
et al. 1993). A reprint is included as part of this report in Appendix C.

1.0
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.4

.2

.0
0 1 2 3 4

FIG. 7 Regular shock reflection. Pressure contour levels at time t = 5 (30 contour
levels for 0.5 < p < 3.5). Resolution: 60 x 20 cells.
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In more recent work, a new approach for computing multidimensional flows

has been developed as part of our on-going analytical and computational effort.

The method of characteristics, which has been successful for hyperbolic systems

in two independent variables, has been extended to the general case of several

independent variables for the particular case of gas dynamics. This new approach

was used to develop a numerical scheme capable of computing multidimensional

flows without the arbitrary dimensional splitting that conventional methods employ.

See discussion in Colella (1990), for example. A brief description of the new method

was documented in a recent report (Dimotakis et al. 1992).
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FIG. 8a Double Mach reflection. Density contour levels at t = 0.20 (30 contour
levels for 1.7 < p < 18.5). Resolution: 120 x 30 cells.
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FIG. 8b Double Mach reflection. Density contour levels at t = 0.20 (30 contour
levels in the range 1.73 < u < 21.0). Resolution: 240 x 60 cells.

Part of our current effort has focused on testing this particular method and

comparing it with other conventional schemes. We have developed our own version
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of the Godunov scheme known as MUSCL, which is used for comparison purposes,

and we have also compared our results with those of other simulations documented

in the literature. In particular, test cases, such as those presented by Woodward

and Colella (1984), were computed with very good results. These cases include a
standard oblique shock reflection and a more interesting case of a Mach reflection.

See Figs. 7, and 8a,b. These results are discussed in Lappas (1993).
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.0

-. 5

-1.0
.0 .5 1.0 1.5 2.0 2.5 3.0

FIG. 9a Inviscid shear layer. Pressure contour levels at t = 5.0 (20 contour levels
for 0.98 < p < 1.52). Resolution: 200 x 100 cells.

In addition to validation runs, we are currently computing a variety of flows
aimed at understanding the physics of the interaction of shock waves with a shear

layer, or contact discontinuity. The computations are helping us understand the

often complicated wave patterns that arise in such flows. This effort is helped by
the adaptive gridding capability that we have developed. A hierarchy of overlapping

grids can be used to compute different parts of the flow with different resolution.

This is particularly important when computing regions of wave interaction where a

higher resolution may be needed. See Figs. 9a,b,c.
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FIG. 9b Inviscid shear layer' u-velocity contour levels at t 5.0 (20 contour levels

for 1.38 < u < 1.85). Resolution: 200 x 100 cells.
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FIG. 9c Inviscid shear layer. Density contour levels at t = 5.0 (20 contour levels for

1.0 < p < 2.0). Resolution- 200 x 100 cells.
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6. Diagnostics, Instrumentation, & Experimental Techniques

Some of the work performed as part of this part of the effort is outlined below.

The development of the image correlation velocimetry and dual-image CCD tech-
nology, in collaboration with JPL, has been cosponsored by ARPA/ONR Contract

N00014-91-J-1968.

6.1 Image correlation velocimetry

Our effort in Image Correlation Velcomitry continues to refine the method,

introduced in last year's report, for correlating two successive scalar images for the
purpose of measuring imaged fluid velocity field information. Specifically, a method

has been developed for deforming, or transforming, one image to another. Taylor-

series expansions of the Lagrangian displacement field are used, in conjunction with

an integral form of the equations of motion, to approximate this transformation.
The method locally correlates images for displacements, rotations, deformations,

and higher order displacement gradient fields. An integral form of the equations of

motion is employed and, as a consequence, no spatial or temporal differentiation of
the image data is required in estimating the displacement field. This improves our

ability to handle data with finite signal-to-noise ratios. A significant addition to our

method, over this past year, is the application of a global minimization procedure

to insure a global consistency in the results. Successive, two-dimensional digital

CCD images of fluid motion, marked with a passive scalar, are used to verify the

capabilities of the method. The utility of the method is also illustrated using a pair
of Voyager 2 images of Jupiter.

A detailed account of this effort to date can be found in Tokumaru & Dimotakis

(1992), which is included as part of this report as Appendix D.

6.2 High-speed data/image acquisition developments

This part of the effort was principally undertaken by D. B. Lang, in collabo-

ration with P. E. Dimotakis, as well as J. Janesick, T. Elliot, and S. A. Collins at

JPL.
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6.2.1 High-speed A/D system

We currently have two operational, high-speed A/D converter data acquisition

boards for high-speed and high-resolution digital image as well as scalar data acqui-

sition. The first board has two 12-bit 15 MHz A/D converters and can digitize two
analog inputs at 15 MHz, or a single input at 30 MHz. The second board has two

12-bit 20 MHz A/D converters and can digitize two inputs at 20 MHz, or one input
at 40 MHz. The two bards can be used in parallel for an aggregate data throughput,

at this time, of 70 x 106 data samples/s.

Each board has 32 MB of local buffer memory and plugs into a standard VXI
backplane. A VMEbus computer running the OS-9 real-time operating system
controls the A/D units through a VME-to-VXI bus converter. We intend to upgrade
this to an embedded VXI computer. This will eliminate the need for the VME
backplane and will also permit the display of acquired images on the screen in real
time for focusing and calibration purposes.

Each A/D subsystem is comprised of an analog section and a digital section.
The A/D converter analog section has the following capabilities:

a. two 12-bit 20 MHz A/D converters digitize two channels at 20 Msamples/s
each, or one channel at 40 Msamples/s,

b. programmable gain of ±0.4, ±0.8, or ±1.6 V full scale,

c. programmable offset of ±0.5, ±-1.0, or ±2.0 V,

and,

d. Automatic calibration of A/D zero offset and full scale voltage.

The A/D converter digital section has the following capabilities:

a. 32 MB of local buffer memory (70 MB/s/board throughput),

b. word-packing logic saves memory and reduces data rate (reduces 12-bit

data rate from 80 MB/s to 60 MB/s),

and,

c. flexible triggering and scanning options, i.e.

i. trigger via front panel connectors,

ii. trigger via CCD controller board,
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iii. trigger via direct computer control,

iv. 32-bit real-time counter allows event time-stamping,

v. up to 8 scan/frame/calibration patterns,

vi. framing words mark beginning/end of scan or frame,

vii. optional interrupt at beginning/end of scan or frame,

and,

viii. programmable delay line allows conversion timing adjustments.

These first-generation boards were designed and fabricated using computer-
controlled wire-wrapping technology to allow for small modifications, as dictated by
their first use. The design can now be frozen and we are in the process of redesigning
them, relying on multi-layer printed-circuit board technology to decrease unit costs.
Following this development, four additional channels will be fabricated.

6.2.2 CCD controller board

We have recently completed the design and fabrication of a very flexible, CCD,
focal plane array controller board that can control virtually any standard or custom
CCD image array, including the dual-image Mach-CCD, presently under develop-
ment in collaboration with James Janesick, Tom Elliot, and Andy Collins of JPL.
The board has two microsequencers that can respond to external trigger events
and generate the needed timing waveforms. The pixel microsequencer generates
the complex waveforms needed by the Mach-CCD, or any other multiphase clock
CCD, and also controls the A/D converter boards. The pixel microsequencer can
be programmed to digitize a subset of the image (region of interest) in order to
conserve memory and increase the framing rate. The event microsequencer is used
to generate the timing waveforms for YAG lasers, the camera shutter, and other
laboratory devices that must be synchronized to acquire Both microsequencers can
be triggered from an external control signal, or slaved to the other microsequencer.

By way of example, the real-time microsequencer can:

- wait for an external trigger signal (e.g., the start of a run),

- fire the first YAG laser,

- signal the pixel microsequencer to store the first image,
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- fire the second YAG laser,

and finally

- signal the pixel microsequencer to start digitizing the two images.

The CCD controller board has the following features:

a. internal programmable clock of up to 40 MHz (25 ns timing resolution),

b. two external timing/pixel clock inputs/outputs,

c. three event trigger inputs (two coax and one fiber optic),

d. seven event trigger outputs (four coax and three fiber optic),

and,

e. one 37-pin connector for the camera head that provides:

i. the CCD clock input,

ii. 3 CCD trigger inputs,

and

iii. 14 CCD timing outputs.

The fiber optic input/outputs allow connecting to noisy devices such as the pulsed

YAG lasers.

6.2.3 CCD camera head

We have designed and are currently fabricating a general-purpose use CCD

camera head that can be used for the Mach-CCD. The first version uses a JPL

camera head board modified to enable acquiring of two images as closely as 1 Ps
apart. This first version has two analog outputs providing up to 0.5 Mpixels/s each

(limited by the JPL camera head board). This allows the readout of a pair of
1,024 x 1,024 images in two seconds.

A second generation camera head board is being designed to provide 4 analog

outputs allowing a ten-fold increase to 5 Mpixels/s each, for an aggregate rate of

20 Mpixels/s. The current Mach-CCD has two analog outputs so it will be possible
to acquire 10 pairs of 1,024 x 1,024 images per second.
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The latter is a very significant development, and will permit a much better
utilization of the experimental facilities used as part of this research effort. By
way of example, the cost of some high Mach number, chemically-reacting runs in

the supersonic shear layer facility can exceed $2,000, each. At present, we can
acquire only a single, high-quality image in such a run. The new gereration of
image-acquisition technology under development should permit higher signal-to-

noise ratios, along with a 20-fold increase in the image framing rate.
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Measurements of scalar power spectra in

high Schmidt number turbulent jets

Paul L. Miller and Paul E. Dimotakis
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Abstract

Single-point, jet-fluid concentration measurements obtained from high Schmidt

number (Sc = 1.9 x 10) turbulent jets permit an investigation of temporal scalar

power spectra, for jet Reynolds numbers in the range of 1.25 < Re x 10-4 < 7.2.

At intermediate scales, we find a spectrum with a logarithmic derivative (slope)

that is increasing with Reynolds number, in absolute value, but less than 5/3 at the

highest Reynolds number in our experiments. At the smallest scales, our spectra

exhibit no k- 1 power-law behavior, possessing a log-normal region over a range of

scales exceeding a factor of 40, in some cases.

9 November 1992
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1. Introduction

We report here on an experimental investigation of temporal scalar power spec-
tra of round, high Schmidt number, turbulent jets. It is part of a larger effort to

better understand mixing in turbulent free shear flows, including jets and shear lay-

ers. In these experiments, we examined the jet fluid concentration (scalar) power

spectra for several reasons. Spectra are sensitive diagnostics of the flow, providing

information over a wide range of scales. Historically, they have been the object of

a great deal of attention, partially because it is possible to extract predictions for

spectral slopes from various turbulence theories and models.

Key among these turbulence theories are the 1941 paper by Kolmogorov,1
with implications for the scalar field in the inertial range discussed by Corrsin,2

Oboukhov, 3 and, for higher wavenumbers, the theory by Batchelor. 4 See, for exam-
ple, discussions in Monin and Yaglom, 5 as well as in the recent review by Gibson.6

Both the Corrsin and the Oboukhov theories yield predictions of power-law spectra

and of the spectral power-law logarithmic derivative, or slope, as it will be subse-

quently referred to in this paper. Specifically, the Corrsin and Oboukhov theories

predict a scalar spectrum proportional to k-5 /3 in the inertial range, as did the

1941 Kolmogorov theory for the energy spectrum.

For energy spectra, this has been observed experimentally under many condi-

tions (cf. compilation of data by Chapman'). The situation is less clear concerning

scalar spectra, with departures from the predicted behavior continuing to fuel de-

bate about details and refnements of the theory.

Batchelor" and Batchelor et al.8 recognized that for Schmidt, or Prandtl, num-

bers away from unity there exists an additional, scalar-diffusion, scale, now com-

monly referred to as the Batchelor scale, which admits a change in the scalar spec-
tral behavior. The Batchelor theory4 predicted that the scalar power spectrum at

high Schmidt numbers would display a k- 1 dependence beyond the Kolmogorov
wavenumber, i.e., a spectral slope of -1. Measurements in the laboratory (e.g.,

Gibson and Schwarz9 ) and the ocean (e.g., Grant et al.10) were subsequently re-

ported to be in accord with this prediction.
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On the other hand, more recent measurements by Gargett1 1 in the ocean were

found not to exhibit a k- 1 spectral range (see, however, discussion by Gibson in

Refs. 12 and 6). The same result was noted in passive scalar mixing measurements in

shear layers13 and in scalar measurements in turbulent jets.14'15 Specifically, despite

adequate resolution in those experiments, no k-' range was found at high spatial

wavenumbers, or, to be exact, temporal frequencies, adding to the questions about

the universality, if not the validity,16 of the classical predictions at high Schmidt

number.

The issue of spatial, vs. temporal, spectra should be recognized here. The

classical theories cited deal with spatial spectra. One could argue, therefore, that

comparisons of measurements of temporal spectra with predictions of spatial spectra

cannot be made directly. Two points, however, should be noted in response. First,

the overwhelming majority of experimentally obtained spectra reported in accord

with the theoretical predictions have, in fact, been temporal. Second, at least in

the case of developing flows that are not (statistically) spatially homogeneous over

the range of spectral scales of interest, the notion of a spatial spectrum and the

assumption of a statistically spatially homogeneous turbulent field is questionable.

Temporal spectra, derived from point measurements, do not have to contend with

this issue.

2. Experiment

The experiments investigated the scalar (concentration) field of round, axisym-

metric, momentum-dominated, turbulent jets issuing from contoured nozzles into a

large, quiescent discharge tank. The measurements were performed in the far field,

on the centerline of the jet. Details of the experimental apparatus have appeared

previously, 14- 17 so only a brief overview will be presented here.

The experimental facility consists of three major parts: the jet plenum, noz-

zle, and delivery system; a large reservoir that acts as the discharge tank; and

the diagnostics, consisting of an argon-ion laser, focusing optics, collection optics,

detector, signal-processing electronics, and the subsequent data-processing. The
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working fluid is water, and the scalar is a laser dye (disodium fluorescein) which is

homogeneously premixed with the jet plenum fluid. The resulting Schmidt number,

SC=V
Sc - - (1)

with v the kinematic viscosity of water and V) = 5.2 x 10-6 cm 2/s the estimated

aqueous species diffusivity of the fluorescein dye (Ref. 18, p. 280), is 1.9 x 103.

The jet flow was established and maintained by pressurizing a downward ori-

ented jet plenum with gas. Both sonically-metered and blow-down, nearly constant

pressure, gas delivery configurations were used. The internal exit diameter of the jet

nozzle is 2.5 mm (0.1 in.). The rectangular discharge tank is square in cross-section,

approximately 2 m high and 1 m on edge. The tank bottom is over 600 nozzle di-

ameters downstream. Large glass windows on all four sides provided optical access

(see Ref. 15 for details).

The illumination source was an argon-ion laser (Coherent Innova 90). The

particular unit was custom selected for its low AM noise figure (-i -95dB) over

the frequency range of interest in these experiments. It was operated at a power

of 3.5 W in the light-regulation mode. The beam was spatially filtered, expanded,

collimated, and subsequently focused to a small waist located on the centerline of

the jet. A low dye concentration was used in the jet plenum (- 10-6 M), with

correspondingly substantially lower concentrations at the measuring stations. A

more detailed discussion of this and related issues may be found in Refs. 14 and 15.

The emitted fluorescence intensity was then proportional to the local scalar (dye)

concentration c(x, t), that was, in turn, averaged over the extent of the measurement

volume.

The fluorescence emitted from the measurement volume was collected through

a narrow slit spatial filter. The beam profile and the slit width defined a small,

spatially-averaging volume, roughly spherical in shape and of extent (diameter)

4, %t 50 pm, as estimated by direct observation using a cathetometer. We will

return to this quantity later.
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A photomultiplier tube (RCA 8645) was used to detect the fluorescence emitted

from this volume. Its output signal was amplified by a custom-designed low-noise

transimpedance amplifier, low-pass filtered using a third-order Butterworth filter,

digitized, sampled with some margin with respect to the Nyquist frequency, and

stored for subsequent processing.

The measurements to be discussed here were made in the fax field, on the axis

of the jet, for jet Reynolds numbers in the range of

1.25x 104 < Re - < 7.2x104 , (2)

where uO is the nozzle exit velocity, d the nozzle exit diameter, and v is the kinematic

viscosity. Data were also recorded at both lower and higher Reynolds numbers. The

lower Reynolds number jets, however, behaved substantially differently, by any of a

number of criteria, and were not accepted as representing bona fide turbulence.14 In

the other limit, the jet at the higher Reynolds number (Re = 10.2 x 104) produced a

distinct hissing sound. This was probably generated by the transient dilatation and

subsequent oscillations of small air bubbles caused by thc rapid reduction in pressure

in such bubbles as they exited the nozzle, or by cavitation in the jet near-field region,

or both (note that the plenum gauge pressure is quadratic with Reynolds number).

See discussion and references in Ref. 19, pp. 452-453, and Ref. 20, pp. 205-207, for

example. As a result, the Re = 10.2 x 10i jet was exposed to different near-field

conditions and will not be included in the discussion below. See Ref. 15 for a further

documentation of the data.

Finally, constraints dictated by resolution and statistical convergence, vis-i-vis

total number of large scale structures captured and length-of-run considerations,

led to measurement stations in the range,

100 : T < 305, (3)

where x is the distance from the nozzle exit.
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3. Scalar power spectrum estimation

The fluorescence signal 0(t), representing the photon flux incident on the pho-

todetector, is a linear function of the spatial average of the convected local jet-fluid

concentration c(x, t) over the measurement volume. It produces a signal that can

be approximated by a convolution over c(t) = c(xo, t), the jet fluid concentration

at, say, the center of the measurement volume, xO, i.e.,

00t)• h,,(t - t') c(t')dt' =_ h,(t) (& c(t) .(4)

In this expression, h,(t) models the impulse response of the spatio-temporal aver-

aging process, i.e., the temporal signal that would be measured if a spatial delta

function of dye was convected through the measurement volume at the local flow

velocity. See Fig. 1.

c(x, t)

S~fluorescence
S~signal

x 0 u~x t) -

FIG. 1 Sketch of jet fluid concentration field c(x, t), convected through the mea-
surement volume of extent f.

The fluorescence output 0(t), along with fluctuations contributed by the small

laser intensity fluctuations, convected residual non-uniformities in the jet plenum

dye concentration, photon shot noise, electronic noise generated by the signal-

processing chain, etc., was processed by the Butterworth low-pass filter to produce

the total signal

a(t) = hLp(t) 0 0(t) + n(t) = h(t) 0 c(t) + n(t), (5)
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that was digitized and stored. In this expression, h(t) _ hLp(t) ® h.(t) is the total

system transfer function and n(t) is the total, low-pass-filtered noise.

Assuming that the total system noise n(t) can be modeled as uncorrelated

with the local dye concentration time history c(t), the spectrum S,(w) of s(t) can

be expressed in terms of the spectrum S#(w) of 0(t) and the spectrum Sn(W) of the

(low-pass filtered) noise n(t), i.e.,

S,(w) M So(w) + Sn( ), (6)

where, from Eq. 4,
So (w) I H•,(w)1 I'S,(w), (7)

with H.(w) =_Y'T{ h.(t) }, the Fourier transform of h8 (t). This allows us to relate

the total signal spectrum, S.(w), to the desired scalar fluctuation spectrum, So(w),

of c(t), i.e.

S,(w) = IJH(w)I2 S(w) + Sn(w) = iH.,(w) 2 S(jw) + S.(w), (8)

where H(w) Y-.'T{ h(t) } = HLp(w) H'(w).

For these experiments, the knee of the Butterworth low-pass filter was set sub-

stantially higher than the range of frequencies contained in S(tw). Its main purpose

was to bandlimit the noise and de-alias the digitized measurements, allowing the

noise-floor to be determined, as will be illustrated in the spectra presented below.

This is the reason the modulus squared of HLp(w), the transfer function of the

low-pass filter, can be ignored in Eqs. 7 and 8, and wherever it multiplies SO(w)

and So(w).

Figure 2 illustrates these relations by comparing the spectrum S.(w) of the

total signal s(t), i.e., fluorescence 0b(t) plus noise n(t), with SO(w), the spectrum of

the fluorescence signal alone. The latter was calculated by subtracting the estimated

noise spectrum, S.(w), from the total spectrum S.(w). Recalling Eq. 6, we have

SO(W) = S1 (w) - S,(w). (9)
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The noise spectrum was assumed to be white, as was found to be the case in sepa-

rate measurements of this quantity (see also Ref. 21 for examples). Nevertheless, the

result is not sensitive to the assumed shape of the noise spectrum at low frequencies

where SO(w) dominates. The data processed to produce the spectra in Fig. 2 were

recorded at x/d = 100, for Re = 1.25 x 104. Note the high dynamic range of the

total signal spectrum, i.e., the (logarithmic) difference of the low-frequency power

to noise-floor power. Note also that the span to one-half the (scaled) sampling fre-

quency is well beyond the noise-cross-over frequency. As can be seen, the frequency

extent of the noise floor was substantial.

10
-3

Cn

a total signal (Ss)
-7 f luorescence (S.)

-9 I I I

-1 0 1 2 3 4

10910(f T6)

FIG. 2 Sample spectrum of the total signal (solid line: fluorescence + noise) and
estimated fluorescence spectrum (dashed line: fluorescence), derived from
measurements at x/d = 100, Re = 1.25 x 10i. Frequency scaled by T6(x),
the local large-scale-passage time.

The spectra in Fig.2, and throughout this paper, are normalized by Z2, the

square of the local mean value of c(t), multiplied by the local large-scale-passage

time, T6(x), and plotted in terms of the circular frequency, f, scaled by r&6(z). In

these coordinates, their integral produces the normalized variance, e.g.,

c 2SUs dfr6 .(10)

T2C2r
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The local large-scale-passage time, rb, is given by,

.r6 W 6(x) (11a)

where
b(x) -•0.41z x (11b)

is the local outer scale of the flow, here identified with the (measured) mean trans-

verse extent (visual width) of the conical region enveloping the jet-fluid (Ref. 15,

Appendix D), and uci(x) is the mean centerline velocity. The latter was estimated

from the relation
uI(x) _ 6.2 d (llc)

Uj X - XJ

where uj is the jet velocity and xj the jet (virtual) origin, recommended by Chen

and Rodi.22 This spectrum and frequency scaling was found to produce similarity

with respect to the downstream coordinate, x/d, in the analysis of scalar spectra

measured in gas-phase jets.23

The spectrum Sc(w) of the scalar fluctuations c(t) can, at least formally, be

estimated by solving Eq. 7, i.e.,

s'(W,) S-- O( IM (12a)

or Eq. 8, yielding a result in terms of experimentally estimated quantities, i.e.,

S0 (w) S.(w)- M S(w) (12b)
IH,(W)12

We should note, at this point, that Eq. 4, assuming a fixed h.(t), is not a proper

equation for two reasons. First, the fluid velocity convecting the c(x, t)-field through

the measurement volume is not a constant. Second, different scalar field lagrangian

traject,•ries through the measurement volume sample chords of different sizes (and

transit times) through it. These two effects could, in principle, be expressed as two

additional convolutions over the local velocity field and scalar paths through the

measurement volume. See Fig. 1.
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For frequencies, however, corresponding to spatial scales of the order of, or less

than, the extent of the measurement volume, ta, where the H1(w) transfer function

will have an effect on the measurement of the scalar spectrum, fractional fluctua-

tions in the convecting velocity are considerably smaller than fractional fluctuations

in c(x, t), at least for this high-Schmidt-number fluid. They are also, largely, uncor-

related with them. Fluid paths through the measurement volume are also uncorre-

lated with the passively-convected scalar field. As a consequence, in estimating the

spectrum in the frequency neighborhood of
6(x) (3

fhr(x) W 2t'r4 (13)

and above, these two effects do not contribute.

Alternatively, the most general expression of the linear dependence of the flu-

orescence signal, 0(t), on the local jet-fluid concentration, c(t), is given by Eq. 7.

While Eq. 7 follows from Eq. 4, the converse is not true. Equation 4 is more re-

strictive, also requiring a definite phase relation between c(t) and 0(t). Fortunately,

these (unknown) phase relations do not enter in the relation between the corre-

sponding spectra. We may conclude that Eqs. 7 and 12 represent valid relations for

the corresponding spectra, even as Eq. 4 cannot be accepted as a correct description

of the time-history of the fluorescence signal 0(t).

The estimation of the scalar spectrum So(w) in the frequency range influenced

by the spatio-temporal averaging of the measurement process also requires knowl-

edge of the H1(w) transfer function. This can be estimated, in turn, by noting that

it is dominated by a pole corresponding to the transit time of the flow through the

measurement volume, i.e.,

H1(w) 1 + WT, (14a)

with

Tai ,• ud(x) (14b)

Performing two different experiments, under as identical flow conditions as was

feasible, at two different spatial resolutions, we were able to compare the spectra,

forp= 1,2,

S.,(w) H (w)I'S,(w) + S,(w) (15a)
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corresponding to two different locations of the dominant pole, at, say, T. = rl and

7a = 72 > r1 , i.e., for p = 1,2,

Hp(w) _ 1 + (15b)
1+iWT,

If the scalar spectrum, S,(w), could be assumed to be identical in the two experi-

ments (the corresponding noise floors were determined separately in each case), we

see that the ratio of the two fluorescence spectra,

so, , S',(w)- S1() G(w;,r,,r2) (16a)s02 - 12 s,)- s.2(W)-

would be given by

7 1 + (wL 2) 2  ( 1, forw < 1/r2 ;G(w; "r2 ) 1 + (wrl)2  (,r2 /.r1 ) , for w > 1/rl,

independently of the, as yet unknown, scalar spectrum, So(w).

--3
40

NI-
ICY

40-5

SS 1 and S2 (x/d-100)

"•-ISc (x/d/ 1_

Sc (x/d -305)

-9I I II!

-1 0 1 2 3 4

1g910 (f TS)

FIG. 3 Dotted lines: Fluorescence spectra estimated from measurements at z/d
100 and Re = 1.25 x 10' at two spatial resolutions. Solid line: Estimated
concentration spectrum (Eq. 12) at z/d = 100 and Re = 1.25 x 104. Dashed
line: Estimated concentration spectrum at x/d = 305 and Re = 1.2 x 104.
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Two fluorescence spectra, S,6 = S., (w) - S, 1 (w) and So2 = S.,(w) - S, 2((w),

from one such pair of experiments, at x/d = 100 and Re = 1.25 x 10i, are plotted

in Fig. 3 (dotted lines). The fluorescence spectrum with the larger high-frequency

content is the one plotted in Fig. 2. Power spectra were computed numerically

using a power spectral density estimation methodology that has evolved over the

past ten years, or so. A documentation of some of its earlier features can be found

in Ref. 24. In processing the data in the experiments reported here, the power

spectral density estimation program computes spectra of data files by means of

FFT methods, and incorporates Hanning windowing, contiguous record overlapping,

and parabolic detrending, among other features. Records up to 217 points can be

accommodated. For spectra known to be smooth, the program can provide third-

octave (! 1/10 decade) gaussian filtering, sampled at 20 points per decade, to

produce the final spectra. This feature was used for all the spectra plotted in

this paper, not so much for smoothing, but to reduce the number of points to a

manageable level for plotting purposes (note that 216 = 65,536).

.5

.4

.3

..2

.0 N I

-1 0 1 2 3 4

lOg101f TS)

FIG. 4 Computed ratio, G(w; Tr, r2), of fluorescence spectra at x/d = 100 (Eq. 16).
Circles: Re = 1.25 x 10". Squares: Re = 2.55 x 10W. Solid line: Least squares
fit for rl and r2.
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The ratios G(w; rl, ,2) for a pair of spectra, measured at x/d = 100, at Re =

1.25 x 104 (circles) and a pair at Re = 2.55 x 1 (squares), respectively, are plotted

in Fig. 4. As can be seen, the ratios of spectra measured at different Reynolds

numbers are very nearly the same, in accord with the analysis outlined above, even

though, as we will see below, the spectra themselves are Re-dependent.

The curve (solid line) in Fig. 4 is a least-squares fit for r, and r2 to the lower

Reynolds number data, that were characterized by the higher signal-to-noise ratio,

in the frequency range 1.0 < fr 6 < 2.8. The lower limit of the fit range is chosen

so Ps to exclude (the small) run-to-run variations at frequencies well below those

affected by the spatial averaging. The upper frequency limit is dictated by the less

than unity signal-to-noise ratio at higher frequencies yet (cf. Fig. 2). The values for

rl and r2 estimated by this procedure were

27r r/r6 = 4.2 x 10-3 and 27rr 2 /76 = 6.6 x 10-3, (17)

respectively. This corresponds to an effective spatial extent of the measurement

volume of t, = 69 Mm for the smaller of the two (Eq. 13), in reasonable accord

with the visually estimated value of - 50 pm using the cathetometer. This value

was used to calculate the concentration spectrum, So(w), at x/d = 100 and Re =

1.25 x 104, plotted as the solid line in Fig. 3. It was computed from the fluorescence

spectrum recorded at the higher resolution, using Eq. 12 with the estimated single-

pole transfer function H1(w) of Eq. 14, at r, = rl.

The effective pole locations for data recorded at x/d = 305 were more difficult

to estimate. At x/d = 305, the higher relative spatial resolution pushed the poles

closer to the noise cross-over point. On the other hand, at x/d = 305, the (logarith-

mic) difference between the fluorescence and estimated concentration spectra was

much smaller over the frequency range of interest. Figure 5 plots the fluorescence

spectrum (dotted line) at x/d = 305 and Re = 1.2 x 10' as well as the estimated

concentration spectrum (dashed line). As can be seen, the effects of compensation,

in this case, are much smaller (cf. difference at, say, fr6 = 2.7 in Figs. 3 and 5).

The estimated concentration spectrum at x/d = 305 in Fig. 5 is the one plotted as

a dashed line in Fig. 3.
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FIG. 5 Dotted line: Fluorescence spectrum. Dashed line: Estimated concentration
spectrum. Data recorded at x/d = 305 and Re = 1.2 x 10i.

The jet fluid concentration spectra to be discussed below were all estimated

in this fashion. The values of -ra, the transfer function time constant used in the

compensation calculations, were fixed for all the data measured at each z/d axial

location (Eq. 17, for measurements at z/d = 100, depending on which slit width

was used to record the fluorescence data). A fixed pair of v'alues was also used for

all the data measured at a/d = 305.

4. Results and discussion

The conspicuous agreement between the concentration spectra at z/d = 100

(solid line) and z/d = 305 (dashed line) in Fig. 3, up to frequencies limited by

signal-to-noise ratio consid, 3tions, should be noted. A similar independence of the

scaled spectra with dowrsti ca location was also found to hold in gas-phase jets,23

where the relatively la, - liffusion scales, at Sc s 1, and comparable Reynolds

numbers made it possible to estimate the concentration spectra with enough spatial

resolution directly, obviating the need for the compensation scheme employed here.
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In the case of the present, liquid-phase data, we should entertain the possibility

that the collapse of the spectra may be attributable to a fortuitous choice of the

compensation pole. Some observations, however, are relevant here. First, the close

agreement between the two spectra also holds in the fr 6 < 2 frequency range,

where the effects of compensation, even for the x/d = 100 data, are negligible.

As we will see below, this will also be found to be the case at higher Reynolds

numbers. Second, the value of the pole represents a single parameter. In contrast,

the collapse of the spectra at the two axial locations, with substantially different

degrees of compensation in each case, is over 5 orders of magnitude in the power

spectra. Conversely, this collapse supports the validity of the single-pole model for

the leading order behavior of the measurement transfer function.

0

C. -

i -2-

.4 - x/d -305
-3 - ef wnrce slop*

-4 I I I
-1 0 1 2 3 4

1o910(f TS)

FIG. 6 Frequency-scaled concentration spectra. Solid line: x/d = 100 and Re =
1.25 x 104. Dashed line: x/d = 305 and Re = 1.2 x 10'. Dotted line:
reference line at a 2/3 slope, corresponding to a k' spectrum.

It is useful to plot the product of the concentration spectra with f /1, as is

commonly done. A spectrum described by a -5/3 power-law yields a horizontal

line over the -5/3 frequency range when plotted in this fashion. The product of

the concentration spectra with (fre6)5/3, derived from the data at x/d = 100 and
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x/d = 305, at Re = 1.25 x 104 and Re = 1.2 x 104, are plotted in Fig. 6 as the

solid and dashed line curves, respectively. Also plotted, for reference, is a straight

line with a slope (logarithmic derivative) of 2/3, corresponding to the high-Schmidt

number Batchelor k- 1 theoretical spectrum.4

-1 1 1

'-2

I--V

-4

-10 12 3 4
log10 (f T6)

FIG. 7 Frequency-scaled concentration spectra. Solid lines: x/d = 100 data (1.25 <
Re x 10- _< 7.2). Dashed lines: x/d = 305 data (1.2 _< Re x 10-4 < 6.5).
Individual spectra are offset by -2logl 0(Re/Reo), Reo = 1.2 x 104, for
clarity.

The solid lines in Fig. 7 plot spectra derived from measurements at x/d = 100,

for Re x 10-4 = 1.25, 1.76, 2.55, 3.6, 5.1, and 7.2. The decrease in the scaled

frequency resolved, in the x/d = 100 spectra, as the speed of the flow increased

with increasing Reynolds number, is evident. The dashed lines plot spectra mea-

sured at z/d = 305, for Re x 10-4 = 1.2, 2.4, 4.0, and 6.5. As can be seen, the

highest frequency resolved in the zid = 305 spectra is a much weaker function of

Reynolds number, signal-to-noise ratio limitations being more serious than spatial

resolution at this station. Individual spectra for both z/d stations are plotted offset

by -21ogl 0(Re/Reo), with Reo = 1.2 x 104, to aid in visualizing the evolution of

trends with Reynolds number.
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The longer characteristic local time scale at x/d = 305 did not allow as many

large scale structures to be included in the record. As a consequence, the statistical

convergence of the x/d = 305 spectra is not as good as for the z/d = 100 data.

On the other hand, the higher relative spatial resolution at x/d = 305 allowed the

spectrum to be estimated to a higher (scaled) frequency. That trade-off aside, the

agreement between the (scaled) spectra at x/d = 100 and x/d = 305 holds for all

the cases for which data were recorded at the same, or nearly the same, Reynolds

number at the two stations.

-1.0

i-1.5

5 -2.0 -"0-

-2.5

-3.0
-1 0 1 2 3 4

1og10 (f TS)

FIG. 8 Frequency-scaled concentration spectra derived from data at x/d = 100 and
1.25 < Re x 10-4 < 7.2 (no offsets).

Following the transition out of the large scale frequency regime (f" 6 - 1), the

spectra appear to be described by a power-law with an exponent that is increasing

from, roughly, 1.2 to 1.5, in absolute value, with increasing Reynolds number (cf.

Ref. 15, Fig. 5.2). This progression with Reynolds number is easier to discern in

Fig. 8, which plots the concentration spectra at x/d = 100, for Re x 10-4 = 1.25

(solid line), 1.76 (dashed line), 2.55 (dot-2-dash), 3.6 (2-dot-2-dash), 5.1 (dot-

dash), and 7.2 (2-dot-dash), with no offsets. The extent of the power-law regime

can be seen to increase slightly with increasing Reynolds number. A similarly
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increasing spectral slope (in absolute value) with Reynolds number was also noted

in measurements of gas-phase spectra,23 for Re x 10-4 = 0.5, 1.6, and 4.0.

As can be seen by sighting along the spectra in Fig. 8, the power-law region

is followed by a different regime at higher frequencies yet. This regime does not

support the Batchelor k-' prediction4 that should apply for over a decade and a

half in frequency in this case (recall that Sc pe 1.9 X 103 here). This can be seen in

Fig. 6, which includes a dotted line with a reference slope of 2/3, corresponding to a

k-I spectrum. The spectra at increasing Reynolds number move even further from

this slope, as can be seen by comparing the Re = 1.2 x 10' spectrum with those at

higher Reynolds numbers in Fig. 8. It should be noted that this conclusion extends

to frequencies below fr6 = 2, which are unaffected by resolution and compensation

considerations.

i-2

-3

-4
-1 0 2 3 4

1og 1 0 (f TS)

FIG. 9 Spectrum slope (logarithmic derivative). Solid lines: data at x/d = 100 and
Re = 1.25 x 104. Dashed line: z/d = 305, Re = 1.2 x 104.

To facilitate the study of this higher frequency regime, we also computed the

slope of the spectra (logarithmic derivative). A plot of spectrum slopes, for the

lower Reynolds number data, appears in Fig. 9. These were derived from the two
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x/d = 100, Re = 1.25 x 104 spectra in Fig. 3 (solid lines) and the z/d = 305,

Re = 1.2 x 104 spectrum (dashed line). Their comparison helps assess issues of

statistical convergence and confidence in this more delicate statistic, as well as the

effects of spatial resolution and the applied compensation.

The plots in Fig. 9 suggest a frequency-dependence of the slope of the spectra

that is close to a straight line, in these coordinates, for frequencies higher than

fr 6 = 1.2, at this Reynolds number. This linear behavior extends for a decade

and a half and into frequencies beyond which the data are limited by resolution and

signal-to-noise considerations. The straight line appears to be a good representation

for frequencies below fr 6 ; 2, for which the effects of compensation were negligible

even for the x/d = 100 data (ci. Fig. 3). For frequencies above fTb6 - 2, the same

straight line also describes the behavior for both the x/d = 100 and x/d = 305

data, which were affected by resolution (and compensation) to a different extent

(cf. Figs. 3 and 5).

0

-5 I I I

-I 0 1 2 3

10glo(f rs)

FIG. 10 Slope (logarithmic derivative) of spectra from data at z/d = 100 and 1.25 <
Re x 10-4 < 7.2. Spectra offset as in Fig. 7. Line types as in Fig. 8.
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A straight line for the logarithmic derivative of the spectrum corresponds to a

spectrum that is parabolic in log-log coordinates, or log-normal in linear coordinates,
i.e.,

Sc(frb) oc exp{-• [a ln(frb) + b (18)

This expression, rather than a k-1 power law, seems to be the appropriate de-

scription of our jet fluid concentration spectra at high frequencies, over a range of

frequencies at least as large as /•, i.e., a decade and a half, in this case.

Figure 10 plots the local slope (logarithmic derivative) of the spectra in Fig. 8.

The offset scheme employed in Fig. 7, and line-types employed in Fig. 8, were also

used here. Straight lines can be seen to be a good representation for the spectrum

slope at high frequencies with Reynolds number dependent values of the param-

eters a and b in Eq. 18. The end of the power-law regime and the beginning of

the log-normal range can be seen to shift to higher frequencies with increasing

Reynolds number. Our data admit a Kolmogorov scaling for the Reynolds num-

ber dependence of this transition frequency, i.e., Re3 / 1 , but corresponding to the

convection (passage frequency) of a physical scale roughly 80 times larger than the

estimated Kolmogorov scale (computed using the estimated mean centerline energy

dissipation 25 and the kinematic viscosity). This transition is not very well defined,

however, and other Reynolds number scaling possibilities cannot be ruled out.

5. Conclusions

This work has investigated temporal scalar (jet fluid concentration) power spec-

tra on the centerline of high Schmidt number turbulent jets, in the Reynolds number

range 1.2 < Re x 10-4 < 7.2. Our spectra exhibit a power-law regime at frequen-

cies above the local large scale passage frequency, with a Reynolds number depen-

dent exponent increasing (in absolute value) from, roughly, -1.2 to -1.5 over the

Reynolds number range investigated. This corroborates a similar finding for gas-

phase jet fluid concentration spectra measured at comparable Reynolds numbers. 21

At higher frequencies, the spectra are well represented by a log-normal relation with

Reynolds number dependent coefficients. While our data admit a Kolmogorov-like
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scaling for the beginning of the log-normal region in the spectrum, i.e., ,, Re3 / 4,

other possibilities cannot be ruled out.

We appreciate that our results are at odds with the classical picture of high

Schmidt number scalar spectra. We do not find a -5/3 power-law regime, even

though our measurements were conducted at Reynolds numbers where such behav-

ior has previously been reported for high Schmidt number jet fluid scalar spectra. 26

Finally, despite adequate resolution and signal-to-noise ratio, our data do not sup-

port the Batchelor k-' power-law prediction.' Specifically, we found no constant

k-1 slope at high frequencies and a spectral slope that does not even locally attain

a value of -1.

On the whole, our scalar spectra are rather similar to those derived by Gargett

from ocean measurements.11 In conjunction with her data and analysis, the current

results raise further questions about the universal descriptions of scalar spectra, and

their applicability to some of the canonical flows, such as turbulent jets.
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1. Introduction

A correct description of turbulent mixing is particularly taxing on our under-

standing of turbulence; such a description relies on an account of the full spectrum

of scales. Specifically, to describe the entrainment stage that is responsible for

the engulfment of large pockets of irrotational fluid species into the turbulent flow

region,1 the large scale flow structures need to be correctly described. Secondly, to

describe the subsequent kinematic stirring process that is responsible for the large

interfacial surface generation between the mixing species, the intermediate range of

scales must be correctly accounted for. These are below the largest in the flow in

size, but above the smallest affected by viscosity and molecular diffusivity. Finally,

the dynamics at the smallest scales must be captured to describe the molecular

mizing process itself. These three phases of turbulent mixing were clearly identifi 3d

as "more or less distinct stages" in the 1948 description of mixing by Eckart,2 who

dubbed them as the initial, intermediate, and final stages, respectively. In the case

of mixing of high Schmidt number fluids, i.e., fluids characterized by a molecular

diffusivity, D, that is much smaller than the kinematic viscosity, v, it is also useful

to distinguish between the vorticity-diffusion stage, whereby velocity gradients are

removed, and the species-diffusion stage, which removes scalar gradients. 3

On the other side, successful descriptions and models of mixing provide us

with tests of aspects of turbulent flow that are difficult to probe by other means

- experimentally, numerically, or theoretically - at the high Reynolds numbers of

interest here.

An exciting discussion in the context of mixing by chaotic advection has been

taking place during the last decade. See, for example, Refs. 4-7, as well as several

papers from the 1990 IUTAM Symposium on Fluid Mechanics of Stirring and Mixing

(Published in Phys. Fluids A 5, Part 2, May 1991). There is little doubt that this

progress will contribute to our understanding in the context of the broader issues

of turbulent mixing. The present discussion, however, will be limited to flows at

Reynolds numbers that are high enough for the turbulence to be regarded as fully-

developed. In that regime, the impact of the recent progress in the. behavior of

deterministic, chaotic systems has yet to be felt, in my opinion.
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As a practical matter, fully-developed turbulent flow typically requires that the

local flow Reynolds number, i.e.,

Re(x) = U(V)6(x) (1)

must be high enough. Generally speaking, turbulence cannot be sustained if the

(local) Reynolds number falls below some minimum value, Remin. In the expression

in Eq. 1, the characteristic velocity, U(x), and transverse extent of the flow, 6(x),

are to be taken as local values.

The main part of the discussion will be drawn from turbulent mixing in the far

field of nonaccelerating (negligible streamwise pressure gradient) shear layers and

jets. While these two flows are similar, in many ways, they are sufficiently different

in others to be useful as test beds of ideas and prospects for universal descrip-

tions of turbulent mixing behavior. The phenomena are found to have a broader

manifestation, however, with conclusions relevant to turbulent flow in general.

In the case of shear layers, the characteristic velocity will be taken as the

(constant) freestream velocity difference, i.e., UI(x) = AU 5 fn(x), whereas the

characteristic length will be taken as the local shear layer width, i.e., 4d(x) oC x.

Assuming constant fluid properties, i.e., v = const., this yields a local Reynolds

number for shear layers that increases linearly with the streamwise coordinate, i.e.,

Re.1(x) o c . (2a)

In the case of jets, the characteristic velocity will be taken as the local centerline

velocity of the jet, i.e., Uj(x) = uc(x) cx x- 1, while the local length scale will be

taken as the local jet diameter, i.e., 6(x) = 6j(x) oc x, yielding a local jet Reynolds

number that is a constant of the flow, i.e.,

Rej(x) # fn(x) . (2b)

This difference between shear layers and jets in the dependence of the local Reynolds

number is interesting in the context of spatially developing flows and the evolution

of the distribution of scales and turbulence spectra.
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As we increase the flow Reynolds number, from small values to values approach-

ing some minimum Reynolds number for fully-developed turbulence, the flow is able

to generate ever-increasing interfacial area between the mixing species, increasing

mixing and, in the case of chemically-reacting flow, chemical product formation and

heat release. Beyond this transition region, i.e., for Re > Remi., the Reynolds num-

ber dependence of the amount of mixed fluid can be expected to be weaker. In fact,

a tenet of fully-developed turbulent flow theory is that, at high enough Reynolds

numbers, the dependence of the various mean flow quantities on Reynolds number

should become negligible, or vanish.

On the other hand, mixing depends on the behavior of gradients in the flow as

well as concentration of diffusing species and the "principle of self-similarity with

respect to Reynolds number cannot be expected to be applicable ... , since these

gradients are determined by small-scale fluctuations." (Ref. 8, p. xvi) We will ex-

amine these propositions by comparing the outcome of experimental investigations

on turbulent mixing conducted in both gas- and liquid-phase shear layers and jets.

2. Transition Reynolds numbers in shear layers and jets

A qualitative difference in the appearance of the scalar field is observed across

the transition in a shear layer to a more well-mixed state, as the Reynolds number

is increased, as illustrated in Fig. 1. The transition to a more well-mixed state in

a gas-phase turbulent shear layer was documented by Konrad, 9 who used an aspi-

rating probe' 0 to estimate the local value of the high-speed stream fluid fraction,

averaged over the resolution volume and time-response of the aspirating probe. Sub-

sequent estimates of mixing and chemical product volume fraction in liquid-phase

shear layers,11 using a pH indicator, as well as estimates derived from probability-

density functions (pdf's) measured using laser-induced fluorescence techniques,12

documented the same behavior.

The results from the two liquid-phase shear layer measurements are plotted

in Fig. 2, which depicts the estimated chemical product thickness as a function

of the local Reynolds number at the measuring station. A marked increase in



FIG. 1 Laser-induced fluorescence streak images of the scalar field in a liquid-phase
shear layer, for Re n- 1.75 x 103 (left) and Re n-- 2.3 x 104 (right). Data from
Ref. 12, Figs. 7 and 9, respectively.

the estimated chemical product can be seen to occur at Re t 104. This is also

associated with a change in the pdf of the scalar fluctuations. In the pretransition

region, the pdf of the conserved scalar in the flow is dominated by the near-delta-

function contributions of the unmixed (pure) fluid from each of the freestreams.12

In the posttransition regime, the composition of the mixed fluid across the layer

develops a preferred value that is well-correlated with the one inferred from the

estimated overall entrainment ratio for the layer.3, 12 The pdf evolves from one limit

to the other in the course of this transition (cf. Ref. 12, Sec. 5.4, and Ref. 13), with

a relatively long memory of the (typically, much larger) initial asymmetry in the

relative amounts of each of the freestream fluids.

As noted in the discussions of these experiments,1 1 ' 12 finite resolution limita-

tions in these liquid-phase experiments overestimated the absolute amount of chem-

ical product by, roughly, a factor of two, as confirmed in chemically-reacting exper-

iments which measured the chemical product volume fraction directly.12 Neverthe-

less, the documented increase in the amount of mixing at the transition Reynolds

number is qualitatively correct and was found to occur at the same Reynolds number

in both gas- and liquid-phase shear layers. 14
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FIG. 2 Reynolds number dependence of chemical product volume fraction, in a
liquid-phase shear layer, in the vicinity of the mixing transition. 12 Note that
absolute values are overestimated in both experiments (see text).

The transition to a more well-mixed state, in these experiments, was correlated

with the appearance of streamwise vortices and the ensuing transition to three-

dimensionality of flow that is nominally two-dimensional in the initial region.11-1 5

See discussion in the review paper by Roshko.16 Corroborating evidence was also

found in the numerical simulations of time-developing shear layers by Moser &

Rogers that followed the developing flow to sufficiently high Reynolds numbers to

document the beginning of this behavior.17

The transition to a more well-mixed state in turbulent jets is less conspicuous

than in shear layers. Turbulent jets being three-dimensional, even at low Reynolds

numbers, such a transition is not correlated with a transition to three-dimensionality

in the flow field. Nevertheless, there is, again, a qualitative difference in the ap-

pearance of the scalar field for values of the Reynolds number that are lower than

Remi. -, 10" and values that are comparable to that, or higher. This is illustrated

in the laser-induced fluorescence images in Fig. 3, of the jet-fluid concentration in

the plane of symmetry of liquid-phase jets."' Unmixed reservoir fluid (black) can be

seen throughout the turbulent region and, in particular, all the way to the jet axis
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in the lower Reynolds number (left) image at Rej "- 2.5 x 10i (imaged field spans

0 < x/d < 35, where d is the jet nozzle diameter). This is not the case in the higher

Reynolds number (right) image at Rej !- 104 (imaged field spans 0 < x/d < 200),

in which jet fluid of varying concentrations can be seen to be more volume-filling

within the turbulent region.

FIG. 3 Jet-fluid concentration in the plane of symmetry of a round turbulent jet.
Left image: Rej ý- 2.5 x 103 (0 < x/d < 35). Right image: Rej ý- 104

(0 < x/d < 200). Data from Ref. 18, Figs. 5 and 9.

Seitzxnan et al."9 investigated the outer entrainment and mixing region, using

laser-induced fluorescence images of OH radicals in a H2 -air turbulent diffusion

flame. A qualitative evolution in the complexity of the thin burning regions can

be seen, as the Reynolds number was increased from 2.3 x 103 to 4.95 X 104 (Cf.

their Fig. 3). In these experiments, this evolution is also influenced by decreasing
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FIG. 4 Normalized variance of jet-fluid concentration on the axis of a turbulent
jet, as a function of the jet Reynolds number (Ref. 22, Fig. 7.2). Circles:
Liquid-phase jets.2 2 Trangles: Gas-phase jets.20

buoyancy and the decreasing relative importance of baroclinic vorticity generation,

as the Reynolds number was increased, and is, therefore, not entirely attributable

to Reynolds number effects.

Similar behavior is reflected in the measurements of the rms of the scalar (jet

fluid concentration) fluctuations on the axis, in the far field of gas- and liquid-

phase jets, as a function of jet Reynolds number. 20- 22 The data, in the form of the

normalized scalar fluctuation variance, are plotted in Fig. 4 (Ref. 22, Fig. 7.2). The

liquid-phase data exhibit a decrease in the fluctuation level with Reynolds number,

with a rather less sensitive dependence for Reynolds numbers higher than Re ý

2 x 104, or so. Noting that lower fluctuation levels correspond to more homogeneous

mixing, i.e., a pdf of concentration values that are more tightly clustered around

the local mean, we see that, at least for the case of a liquid-phase jet, the flow

transitions to a more well-mixed state as the Reynolds number is increased, as in

the shear layer, even though in a more gradual manner (cf. Fig. 2). A much weaker

Reynolds number dependence of the normalized scalar variance can be seen for the

gas-phase-jet data.
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The Reynolds number dependence of turbulent mixing and chemical product

formation in turbulent jets was recently investigated in gas-phase jets.23,24 In this

context, the turbulent diffusion flame length, Lf, is important and marks the dis-

tance from the nozzle required to mix and burn the reactant carried by the jet

fluid. If the stoichiometry of the jet/reservoir reactants and jet entrainment are

held constant, and for fast chemical kinetics (high Damkohler number limit), the

flame length dependence on the various flow parameters provides us with a measure

of the dependence of mixing on those parameters. Decreasing flame lengths, for

example, imply faster (better) mixing.

The dependence of the flame length on the stoichiometry of the jet-/reservoir-

fluid chemical system must first be factored in the analysis. In particular, for a

momentum-dominated, turbulent jet diffusion flame, the flame length is linearly

dependent on the (mass) stoichiometric mixture ratio (e.g., Refs. 25-27), i.e.,

d- _- AOm + B, (3)

where .m is the mass of reservoir fluid required to completely consume a unit mass of

jet fluid. The measurements must then be regarded as investigations of the behavior

of the stoichiometric coefficient, A, and normalized virtual origin (intercept), B, and

their dependence, in turn, on the flow parameters.

In these experiments, long platinum wires were stretched across the turbulent

diffusion flame and spaced in equal logarithmic increments along the jet axis. These

permitted the line-integral of the temperature rise, AT(z, y), due to heat released

in the chemical reaction, to be measured along the y-coordinate (transverse to the

jet axis), as a function of the downstream coordinate. See Fig. 5.

The experiments utilized the F 2 + NO chemical reaction, with F 2 diluted in N2

forming the jet fluid, and NO diluted in N2 forming the quiescent reservoir fluid.

With this chemical system, an adiabatic flame temperature rise, ATf, as low as 7 K

was realized (with the reaction still in the fast-kinetic regime). Such low values

were dictated by the results of a separate investigation that assessed the effects of

buoyancy and ascertained that the measurements were realized in the momentum-

dominated regime for this heat-releasing flow. The Reynolds number was varied by

varying the pressure in the combustion vessel.
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FIG. 5 Turbulent jet diffusion flame combustion vessel schematic, indicating the jet
and the logarithmically-spaced temperature-sensing wire array.

If the temperature rise, AT(x, y), in the chemically-reacting jet is normalized

by ATf, the adiabatic flame temperature rise for the reaction, the line integral across

the jet axis can be used to form a product thickness, 6p(x), analogous to the one

defined for shear layers, i.e.,

bp J-f0 ATfr dUY (4)

(cf. Ref. 28, Sec. 3.1.3; Ref. 29, Sec. 1.9; and Ref. 30, Eqs. 41 and discussion fol-

lowing). Sample data are depicted in Fig. 6, for a range of values of the (mass)
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stoichiometric mixture ratio, Om. The data plot the product thickness 6 p, normal-

ized with the length, Lw, of the platinum resistance wire used to measure the line

integral, versus the logarithm of z/d*, where d* is the jet source diameter.27

.25

e-18

.20

•15

J"• • * 10
-0
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0 7s

. 05
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Iog 1o(x/d*)

FIG. 6 Product thickness vs. loglo(x/d*), for several stoichiometric mixture ratios
(Ref. 24, Fig. 5).

To analyze these data, we note that for regions of the flow well upstream of

the flame length, i.e., for z < Lf, the entrained reactant is consumed on, or just

outside, the boundary of the turbulent region. There, the turbulent fluid is jet-

fluid-reactant rich and it need comprise only a small fraction of the mixed fluid to

consume the entrained reservoir-fluid-reactant. The diffusion/reaction process then

takes place in a relatively thin peripheral reaction zone at y = ±Rr(Z),& whose

ensemble-averaged radius, R&(x), is proportional to x. As a consequence, the line

integral of the time-averaged temperature rise across the turbulent region increases

as the chemical reaction releases heat in the thin reaction zones at the edges of the

turbulent region.

a This picture is corroborated by the OH-images obtained by a number of investigators in H2 -air

jet flames (cf. Refs. 19 and 31, for example).
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It was conjectured that the radial integral of the temperature rise, at a given

station x, increases in proportion to the entrainment velocity at that station,

Ut[Rr(x)], i.e.,

dx d T'xTr'dr ocue[Rr(z)]tl~f (5)

or, for a momentum-driven, turbulent jet,

d_ AT(x, y) dx dx
d AT dY 2irR(x) cc--. (6)

Integrating this relation and scaling with the flame length Lf, we have

6p(xLf L -) a log + b (7)

This dependence of the line integral on x suggested the logarithmic wire spacing

used in the experiment and was used in the analytical form of the fit for the line-

integrated, time-averaged, temperature-rise data (cf. Fig. 6).

Beyond the end of the flame region, i.e., for x > Lf, no further heat is released

and, in the absence of buoyancy effects, the temperature excess becomes a passively-

convected scalar with a self-similar profile. In that case,

ATx y= T(x, 0) f-f

and the product thickness line integral becomes independent of the downstream

coordinate, x, i.e.,

6p(x > L) cc 1 f (1)dy # fn(x) .(8)

As can be seen in Fig. 6, the experimental results confirmed the conjecture for

x <« L. They were also consistent with the anticipated conserved-scalar behavior

of the temperature rise for x > Lf, i.e., a product thickness that asymptotes to a

constant value. Such data allow us to estimate the flame length, Lf. In particular,

one can accept an operational definition of Lf as the location where the product

thickness line integral (Eq. 4) has attained 99% of its asymptotic value, as one does

on the basis of a boundary layer velocity profile, for example.
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Figure 7 (Ref. 23, Fig. 4.8) plots the stoichiometric coefficient, A, in the ex-

pression for the flame length (cf. Eq. 3), i.e., the slope of the flame length vs. the

stoichiometric mixture ratio 0.m. This can be regarded as the additional length, in

units of the jet source diameter d*, required to entrain, mix, and react with a unit

increase in the stoichiometric ratio of the jet-/reservoir-fluid chemical system, i.e.,

A ---= d Lm (9)
-d4)m \d*

In the fast kinetic regime, as was the case in these experiments, this quantity is a

useful measure of mixing. It separates the self-similar, far-field behavior from that

of the virtual origin in the overall mixing process.

12

o Present Study

o Dahm et al (1984)

A Weddell (1941)
10

* Dowling (1988)

<8

0
6

0

4 I I
3.5 4.0 4.5 5.0 5.5

log lORe

FIG. 7 Flame length stoichiometric coefficient A (Eq. 3). Squares: Gas-phase chemi-
cally-reacting jet data.2 3 Diamond: Laser-induced fluorescence, liquid-phase
data.3 2 Lambda: pH-indicator, liquid-phase data.2 5'3 3 Triangles: Flame
length data inferred from gas-phase, nonreacting data (see text).34

The data in Fig. 7 indicate that mixing in the far field of a turbulent jet improves

relatively rapidly with increasing Reynolds number. Specifically, A decreases until a

Reynolds number of, roughly, 2 x 104, with a much weaker dependence on Reynolds
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number, if any, beyond that. These data are in accord with the nonreacting, liquid-

phase data in Fig. 4, which also indicate improved mixing up to Reynolds numbers

of 2 x 104, or so, with a weaker dependence beyond that. The latter data, however,

do not permit the separation of the far-field and virtual-origin contributions to the

overall mixing process, as do the chemically reacting jet data. We should also note

that the near- and intermediate-field behavior, which contributes to the virtual

origin of the mixing process and the resulting flame length, does not exhibit the

same Reynolds number dependence. 23

A potential difficulty should be recognized between the inferred behavior based

on the nonreacting, gas-phase jet data (triangles),3 4 and the chemically-reacting,

gas-phase data (squares). 23 Two observations are relevant here. The values es-

timated from the nonreacting gas-phase data (triangles) were derived assuming

certain similarity properties of the concentration pdf and the virtual origin of the

whole process (see discussion in Ref. 34, Sec. 5.4, and Ref. 21, Appendix B).

Partly as a consequence, as was also noted in the comparison between the data

in Figs. 4 and 7, it is not possible to separate the contribution to the flame length

of the (rather large) virtual origin of the mixing process, and its dependence on

Reynolds number,23 from the Reynolds number dependence of the far-field mixing

process, i.e., the dependence of the flame length stoichiometric coefficient, A.

While this may be a minor point, we may wish to note that transition Reynolds

numbers for jets seem to be twice as large as for shear layers. On the one hand,

the two flows are sufficiently different to admit differences in their behavior of a

factor of 2, or so, in Reynolds number. On the other, however, if the characteristic

large scale b(x) chosen for the local Reynolds number definition of a jet is the local

radiw, as would be appropriate if the length scale in the general case is defined as

the transverse spatial extent across which the shear is sustained, then the transition

Reynolds number for jets becomes very close to that for shear layers.
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3. Mixing in fully-developed turbulence

In fully-developed turbulent shear layers, beyond the mixing transition, mixing

also exhibits a weaker dependence on Reynolds number. Figures 8a and 8b plot

experimentally obtained data of the normalized chemical product thickness, i.e.,

p(X; A= Tf( ) (10)

(cf. Eq. 4), for both low (Fig. 8a) and high (Fig. 8b) values of the stoichiometric

mixture ratio qS. The stoichiometric mixture ratio, in this case, denotes the parts

(moles) of high-speed fluid requiied to consume a part (mole) of low-speed fluid in

the shear layer mixing zone (e.g., Ref. 30). The product thickness data in Figs. 8a

and 8b were normalized by the 1% temperature rise product thickness, b&, which

has been found to be close to the visual thickness, 6bi,, of the shear layer.1, 12,30 ,35

.4
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FIG. 8a Low-4, normalized product thickness vs. Reynolds number for a turbulent
shear layer. Matched free-stream density, incompressible, gas-phase shear
layers: 4, = 1/8 (square), 4 = 1/4 (circle).35 Vertical lines: 4, = 1/8.36

Triangles: 4, = 1/8 .7 Supersonic shear layers: 6 = 1/4, P2/Pi = 0.71,
Mc = 0.51 (arrow); 4, = 1/3, P2/P1 = 5.95, Mc = 0.96 (diamond).38

Liquid-phase shear layer: 4, = 1/10 (cross).12
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FIG. 8b High-0 shear layer normalized product thickness vs. Reynolds number.
Matched free-stream density, incompressible, gas-phase shear layers: 4 = 8
(square), 4 = 4 (circle). 3 5 Triangles: 4 = 8.37 Supersonic shear layers:
0 = 4, P2/PI = 0.71, M, = 0.51 (arrow); 4 = 3, P2/P1 = 5.95, Mc = 0.96
(diamond). 38 Liquid-phase shear layer: 4 = 10 (crosses). 12

These data were all derived from chemically-reacting shear layer experiments,

conducted in the fast chemical-kinetic regime, i.e., high Damk6hler number limit.

In this limit, all molecularly mixed fluid produces chemical product, as dictated by

the stoichiometry of the mixed fluid composition (cf. discussion in Ref. 30, Sec. IV).

The chemically reacting experiments were conducted for low and high values

of the (molar) stoichiometric mixture ratio, 4, that can be expected to yield near-

stationary values of the product thickness bp(O), with respect to 4. The chemical

product thickness has a rather sensitive' dependence on 4, as the stoichiometric

mixture fraction, C, = 0/(0)+ 1), approaches zero or unity, as a result of the regions

near the delta functions correklonding to the pure fluid in the composition pdf.3 9'40

Data points indicated by crosses were derived from experiments in liquid-phase

flows. 12 All other data were based on results from gas-phase flows. The plotted

points based on the experiments by Frieler 37 and Hall et al.3s were calculated by
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Chris Bond from the original temperature-rise data.b Data at the highest values

of the Reynolds number were derived from chemically-reacting, supersonic shear

layers (M1 > 1, M 2 < 1)38 and, as a consequence, can be assumed to be susceptible

to the combined effects of coxapressibility as well as Reynolds number. We note

here that even though the velccity ratio, r - U2 /U 1, for the supersonic shear layer

experiments was very low, and should perhaps not be included in the same plot

as the subsonic shear layer experiments for which r ý_ 0.4, the molar entrainment

ratio, E., i.e., the ratio of the number of high-speed freestream fluid moles per

mole of low-speed freestream fluid entrained, was estimated to be close to its value

for the incompressible flow experiments. Specifically, for the incompressible flow

experiments, 3' 12' 35 E, ý- 1.3. The estimated values for the compressible shear

layers were E. -_ 1.07, for the Mc - 0.51 shear layer (r z_ 0.24), and En !- 1.2, for

the Mc ý- 0.96 shear layer (r _ 0.10).38,41,42

Several observations can be made on the basis of these data:

a. In the limit of fast kinetics, the chemical product formed decreases as

the Reynolds number increases. This implies less efficient mixing in fully-

developed shear layers as the Reynolds number increases. Presently avail-

able data suggest that this is opposite the behavior exhibited by turbulent

jets (recall data in Figs. 4 and 7, and related discussion).

b. The data admit a Reynolds number dependence of the chemical product

thickness for the low-q case (Fig. 8a) that is stronger than the high-4b case

(Fig. 8a).c If this is proven to be the case, it would imply a complicated

dependence of the pdf of compositions on Reynolds number.

c. Liquid-phase shear layer mixing exhibits a weaker Reynolds number de-

pendence than gas-phase shear layer mixing (cf. Fig. 8b). Unless the data

fom turbulent jets should all be regarded as not in fully-developed flow (cf.

Fig. 4), this is also opposite the behavior found in turbulent jets.

b Private communication.

c Recall that, for these flows, the high-speed stream fluid is preferentially entrained. 3
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Based on the presently available scant experimental data and unless the region

2 x 10' < Re < 106 conceals a second transition to a Reynolds-number-independent

turbulent mixing state,

d. the trend in Figs. 8a and 8b suggests that, at least at low compressibility,

e.g., up to the lower of the two convective Mach numbers investigated,

Reynolds number effects dominate compressibility effects.

The latter observation must be regarded as the most tentative and must await the

results of further experimental investigations to be confirmed.

It is interesting that in the case of mixing in turbulent jets, gas-phase data

for the flame length indicate only a weak Reynolds number dependence beyond the

mixing transition, if any (Fig. 7). Measurements in liquid-phase jets, however, at

Reynolds numbers as high as 7.2 x 104, yield scalar spectra that have not converged

to a Reynolds-number-independent state,43 in accord with the data in Fig. 4.

Finally, it is noted that some of these observations are at variance with the in-

ferences drawn in a review by Broadwell & Mungal,4 of earlier data. The interested

reader is directed to that discussion for further details.

4. Transition Reynolds numbers in other flows

The observations of mixing transitions in shear layers and jets suggest that a

minimum Reynolds number may be required for turbulence to develop into a more

well-mixed state in these flows. Specifically, we must have Re > Retin, with Remin

in the neighborhood of 0.5 x 104 to 2 x 104, for fully-developed turbulent flow. It is

interesting that this value does not appear to be peculiar to the far-field behavior

in turbulent jets and free-shear layers. Other flows also exhibit similar transitions

at comparable values of the Reynolds number, as we'll discuss below.

Pipe flow, for example, transitions out of its slug/puff regime to a less inter-

mittent, fully-turbulent state over a range of Reynolds numbers that depend on the

entrance conditions. This sensitivity to initial conditions diminishes, however, at a

Reynolds number in the vicinity of 104 .45
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The Coles' turbulent boundary layer wake parameter, II, that scales the outer

flow region of a turbulent boundary layer,46 is found to increase with Reynolds

number, for a zero-pressure-gradient boundary layer, attaining an asymptotic value

of II = 0.620 at a Reynolds number, based on displacement thickness, 47 of Re --

U,, 6"/*1 ý_ 0.8 x 104. See Refs. 48 and 49, for a discussion, and Ref. 49, Table 4

and Fig. 6, for a compilation of low-speed, turbulent boundary-layer flow data.

In experiments by Liepmann & Gharib, in the near field of turbulent jets, the

number of azimuthal nodes in vortex structures becomes difficult to identify beyond

a certain Reynolds number, where the flow transitions to a much more chaotic

state.50 The authors correlate this transition with a laminar-turbulent transition in

the jet nozzle boundary layers. It is also interesting, however, that it occurs at a

Reynolds number very close to 104.

In recent experiments on lifted-flame behavior, Hammer notes a change in

the scaled lift-off height of turbulent jet flames at a jet Reynolds number, in the

neighborhood of Re ; 1.8 x 104, beyond which the Reynolds number dependence

is weaker. See data in Ref. 51, Fig. 3.8, and discussion following.

In his review of bluff-body flows, Roshko documents several regimes, as indi-

cated by the behavior of the base pressure of a circular cylinder, as a function of

Reynolds number.5 2 In particular, the (negative) base pressure is found to increase

in the range of Reynolds numbers of 0.3 x 104 < Re = UO, dcyl/v < 2 X 104 (Ref. 52,

Fig. 1). Roshko attributes this behavior to a transition in the separating shear

layers.

Measurements of the scaled turbulent kinetic energy dissipation rate,

a- u_ (11)

in flow behind square grids, where e is the kinetic energy dissipation per unit mass,

t is the longitudinal length scale, and u' is the rms streamwise velocity fluctuation

level, suggest that it decreases relatively rapidly with increasing Taylor Reynolds

number,

ReT -- U? , (12a)
V
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where AT is the Taylor microscale, until a value of Rer T 70, and then becomes

much less sensitive to Reynolds number, attaining a value of a - 1 at higher

Reynolds numbers. This value may not be universal, however, with measured values

in the range 1 < a < 2.7 behind non-square grids.53

A similar conclusion was arrived at by Jimenez et al.,54 in their numerical

simulations of turbulence in a spatially-periodic cube, in the range 36 < Rer _• 170.

They report a value of a = 0.65 attained for ReT _> 95. Since

ReT - Rel/ 2 , (12b)

it, again, appears that Re > Retin • 104 is a necessary condition for fully-developed

turbulent flow. 55

In thermal convection, a transition from "soft turbulence" to "hard turbulence"

has been noted for Rayleigh numbers given by Ra ; 108, that is marked by a

qualitative change in the pdf of the measured temperature fluctuations.5 6 Since

Re ; Ra1/ 2 for this flow, 57 we again recover a minimum Reynolds number boundary

of the fully-developed turbulent state at Re ; 104.

Careful experiments were recently performed that measured the torque in

Couette-Taylor flow, in the range of Reynolds numbers of 800 < Re < 1.23 x
106 .58,59 These experiments revealed a "well-defined, uon-hysteretic transition" in

a narrow range of Reynolds numbers, 104 < Retr < 1.3 x 104. The flow was found to

be qualitatively different, below and above this transition, as illustrated in the flow-

visualization data reproduced in Fig. 9, with pre- and post-transition differences

reminisceat of the corresponding ones in jets (cf. Fig. 3). See also additional flow-

visualization data in Ref. 58, Figs. la,b. Beyond this transition, the dependence

of the torque on Reynolds number becomes progressively weaker. Significantly,

however, the torque does not attain viscosity-independent behavior to the highest

Reynolds numbers investigated.
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3 1

FIG. 9 Couette-Taylor flow-visualization data at (a) Re = 0.6 x 10', and (b) Re =
2.4 x 104. From Ref. 59, Figs. 5a,b, reproduced by kind permission of Prof. H.
Swinney.

5. A criterion for fully-developed turbulence?

The preceding observations suggest there may exist a property of turbulence

that induces it to transition to a more well-mixed state, is associated with Reynolds

numbers in excess of Remi. ; 104, and appears to be rather independent of the

details of the flow geometry. The following is a proposed ansatz to account for this

behavior.

That this transition appears to be independent of the flow geometry indicates

that the explanation should not be sought in the large-scale dynamics, or the de-

velopment of distinct features and organized patterns in these flows. These are,

typically, flow-geometry dependent. One is rather led to consider the physical sig-

nificance of the various scales of turbulence and their Reynolds number scaling.
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The 1941 Kolmogorov proposals hypothesize that the dynamics in the (inertial)

range of scales A that are unaffected by the outer scale b, but are large compared

to the inner, dissipation (Kolmogorov) scale,

S 3)1/4 , (13)

i.e., for

AK < < 6, (14)

can be treated in a universal, self-similar fashion. In this range of scales, for example,

the energy spectrum is predicted (and found) to exhibit a power-law behavior with

a - 5/3 exponent. 60

To refine the bounds in Eq. 14, we appreciate that independence from the dy-

namics of the outer scale, 6, requires that the scale A be smaller than a scale that

can bc generated directly from the outer scale 6. Such a scale would an outer lam-

inar layer thickness, AL, that can be generated by a single 6-size sweep across the

whole transverse extent of the turbulent region, for example. The size of this scale

can be estimated in terms of the 99% thickness of a Blasius boundary layer, for

example, that is growing over a spatial extent 6, i.e.,

AL
LL 5.0Re- 2  (15)

It is a scale connected by viscosity to the outer scale, 6, of the flow. By virtue of its

dependence on Reynolds number (cf. Eqs. 12 and 15), this scale, as noted by H. W.

Liepmann in private conversation many years ago, is closely related to the Taylor

microscale, AT.

At the other end of the spectrum, the requirement that the motions must be

inviscid with respect to the inner dissipation scales dictates that the local scale

A must be large with respect to an inner viscous scale, A. (cf. Fig. 10) that can

be taken as proportional to the (defined) Kolmogorov dissipation scale, AK. This

allows us to refine the inequality that bounds the inertial range of scales (Eq. 14)

to the one below, i.e.,

AK < A AL < 1 (16)
6- 6'
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XL
FIG. 10 Schematic of the outer scale, 6; the Taylor scale, AT; and the viscous scale,

A,,, in a sheared turbulent region.

as a necessary condition for fully-developed flow.

To translate this inequality to a relation for the Reynolds number, we need the

Reynolds number dependence of the ratio of the various scales to the outer scale

b. We can rely on Eq. 15 for the estimate of the outer laminar-layer thickness, AL,

suggested by Liepmann. Following on his suggestion, it is interesting to compare

that to the Taylor scale for a turbulent jet, for example. For turbulence in the

far field of a jet, the Taylor scale, AT, can be estimated from the Taylor Reynolds

number on the jet axis (Eq. 12). This is approximately given by

ReT = 1.4Re"/2 , (17)

on the jet axis. 21' 2 1 Using the value of u' -_ 0.25 u, on the axis of the turbulent jet,

and b(x) L- 0.4 (x - x0 ) for the local jet diameter, we obtain

AT 2.3Re--1 2  (18)

which is a little smaller but close to the Liepmann laminar-layer thickness, AL (a

prefactor of 2.3 for AT, vs. 5.0, for AL), especially considering that it is estimated

from flow properties on the jet axis.

An appropriate inner viscous scale, A, can be estimated in terms of the wave-

number k,, where the energy spectrum deviates from the - 5/3 power-law behavior,

or, k, AK = 1/8.61,62 This yields,63

27r_
A,, z 2v A 50 AK . (19)
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To estimate the Reynolds number and outer scale dependence of A., we can use the

expression from Friehe et aL.,20 ,6 4 for the energy-dissipation rate on the jet axis, in

the far field, i.e., 3 401
S do x (20)

where u0 is the jet nozzle velocity, do is the jet nozzle diameter, and xo is the virtual

origin of the far field turbulent flow. Substituting in Eq. 13 we then have

AK 0.95 Re -3/4 (21)

and, therefore, for a turbulent jet,
A,_ 50 pe-3/4 (2
Ab .e (22)

Substituting for AL, A., and AK in Eq. 16, we obtain
Re-3/ 4 < -i 50Re-3/ 4  A . Amax•-1/2 < 1

Anhi5. Re -< (23)

The range of intermediate inviscid scales, i.e., scales smaller than AL but larger

than A5 , can be seen to grow rather slowly with Reynolds number. Specifically, the

ratio
g.Amax (24a)

Amin
which measures the extent of the uncoupled range of spatial scales, i.e., the number

of viscous scales within a Taylor scale, is given by

A( _ 0.1Rel/4 , (24b)

where the (approximate) factor of 0.1 was estimated for a turbulent jet. This

is indicated schematically in Fig. 11. In other flows, we can expect the uncoupled

range of scales to exhibit the same Reynolds number dependence (Eqs. 24a,b), with,

possibly, a different prefactor, however.

On the basis of these observations, it can be argued that a necessary condition

for fully-developed turbulence and the 1941 Kolmogorov similarity ideas to apply

is the existence of a range of scales that are uncoupled from the large scales, on the

one hand, and are free from the effects of viscosity, on the other. Considering that

we must have
AL _A --x N > 1, (24c)
Ap, -A min
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FIG. 11 Reynolds number dependence of spatial scales for a turbulent jet.

with some margin, we see that the existence of such a range of scales requires a

minimum Reynolds number of the order of 104 (Eq. 24b); a value in accord with the

minimum Reynolds number identified for transition to fully-developed, well-mixed

turbulent flows.

Jimenez et aL. performed measurements of velocity fluctuations in a two-dimen-

sional shear layer and found a power-law regime in the energy spectrum, with an

exponent close to -5/3, developing in the neighborhood of the mixing transition.65

Subsequent investigations of the mixing transition by Huang and Ho also associated

the development of a - 5/3 spectral regime with the mixing transition, correlating it,

however, with the number of pairings rather than with local values of the Reynolds

number.66 Nevertheless, in both these investigations, the Reynolds number in the

vicinity of the mixing transition and the development of the -5/3 spectrum regime

was found to be in the range of 3 x 103 < Re(z) < 104, in accord with the range

documented in Fig. 2. To the extent that the appearance of a - 5/3 spectral regime

marks the development of an inertial range of scales and the applicability of the
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1941 Kolmogorov ideas, these experiments lend further credence to the ansatz.

6. Conclusions

The preceding discussion of the experimental evidence and the theoretical

ansatz supports the notion that fully-developed turbulence requires a minimum

Reynolds number of the order of 104 to be sustained. This value must be viewed as

a necessary, but not sufficient, condition for the flow to be fully-developed. Presently

available evidence suggests that both the fact that the phenomenon occurs and the

range of values of the Reynolds number where it occurs are universal, i.e., indepen-

dent of the flow geometry.

On the other hand, how sharp this transition is does appear to depend on the

details of the flow. In particular, it is remarkably sharp, as a function of Reynolds

number, in the (Couette-Taylor) flow between concentric rotating cylinders. It is less
well-defined for a shear layer and, among the flows considered, the least well-defined

for turbulent jets. Perhaps an explanation for this variation lies in the definition

of the Reynolds number itself (Eq. 1) and the manner in which the various factors

that enter are specified for each flow. In the case of the Couette-Taylor flow, for

example, both the velocity UCT = Ila and the spatial scale 6 CT = b - a, where f1

is the differential rotation rate, with a and b the inner and outer cylinder radii, are

well-defined by the flow-boundary conditions.59

In the case of a zero streamwise pressure-gradient shear layer, the velocity

U.1 = AU = U1 - U2 is a constant, reasonably well specified by the flow bound-

ary conditions at a particular station. The length scale 6.1 = 6.l(Z) = (6(x, t))t,

however, must be regarded as a stochastic variable in a given flow with a relatively

large variance. The Reynolds number for the shear layer is then the product of a

well-defined variable and a less well-defined, stochastic variable.

In the case of a turbulent jet, both the local velocity Uj = Uj(W) - (u(x, t) )t
and the length scale 6j = j(x) = (b(x,t))t, or 6j(x) = (R(x,t))t, the local

jet radius, must be regarded as stochastic flow variables, each with its own large

variance. The Reynolds number for the jet is then the product of two stochastic
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variables and, as a consequence, its local, instantaneous value is the least well-

defined of the three.

Viewing the Reynolds number itself as a stochastic variable, it would appear

that the hierarchy of the sharpness of the transition to the fully-developed turbu-

lent state is correlated with the sharpness with which the flow and the boundary

conditions allow the values of the local Reynolds number to be specified to the

dynamics.

A related issue also arises as a consequence of the definition of the local

Reynolds number. As noted in the discussion of Eqs. 1 and 2, the Reynolds number

for a shear layer increases with the downstream coordinate, whereas the Reynolds

number for a jet is a constant of the flow. As a consequence, a shear layer may

possess regions with local Reynolds numbers below the minimum and transition to

fully-developed turbulence, within the spatial extent of the same flow, if its stream-

wise extent is large enough. A turbulent jet, on the other hand, is either fully

developed over its whole extent, or is not. This is also relevant to the description

and dynamics in other flows.

As regards fully-developed turbulent flow, the presently available evidence does

not support the notion of Reynolds-number-independent mixing dynamics, at least

in the case of gas-phase shear layers for which the investigations span a large enough

range. In the case of gas-phase turbulent jets, presently available evidence ad-

mits a flame length stoichiometric coefficient A (cf. Eq. 3) tending to a Reynolds-

number-independent behavior (cf. Fig. 7). We appreciate, however, that the range

of Reynolds numbers spanned by experiments to date may not be large enough to

provide us with a definitive statement, at least as evidenced by the range required

in the case of shear layers (cf. Figs. 8). Secondly, the flame-length virtual origin, B

(Eq. 3), possesses a maximum in the neighborhood of the transition Reynolds num-

ber of Re t 2 x 104 and does not appear to attain a Reynolds-number-independent

behavior in the same range of Reynolds numbers. 23 We should also recall that

the torque in Couette-Taylor flow does not attain a Reynolds-number-independent

behavior to the highest values of the Reynolds number investigated.5 9 Neither, of

course, does the skin-friction coefficient in a turbulent boundary layer over a smooth
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flat plate.

In comparing shear-layer with turbulent-jet mixing behavior, the more impor-

tant conclusion may be that they appear to respond in the opposite way to Schmidt

number effects, i.e., gas- vs. liquid-phase behavior. Specifically, it is high-Schmidt

number (liquid-phase) shear layers that exhibit a low Reynolds-number dependence

in chemical product formation, if any (cf. Fig. 8b). In contrast, it is gas-phase turbu-

lent jets that exhibit an almost Reynolds-number-independent normalized variance

of the jet-fluid concentration on the jet axis, with a strong Reynolds-number de-

pendence found in liquid-phase jets, in the same Reynolds-unber range (cf. Fig. 4).

To summarize, recent data on turbulent mixing, as well as evidence garnered

in other contexts, support the notion that fully-developed turbulent flow requires

a minimum Reynolds number of 104, or a Taylor Reynolds number of ReT ; 102,

to be sustained. Conversely, turbulent flow below this Reynolds number cannot be

regarded as fully-developed and can be expected to be qualitatively different.

The manifestation of the transition to this state may depend on the particular

flow geometry, e.g., the appearance of streamwise vortices and three-dimensionality

in shear layers. Nevertheless, the fact that such a transition occurs, as well as

the approximate Reynolds number where it is expected, appears to be a universal

property of turbulence. It is observed in a wide variety of flows and turbulent flow

phenomena.

In contrast, studies of mixing in fully-developed turbulent jets and shear layers

suggest that we cannot hope for a universal description of turbulent mixing. The

dimensionless parameters that scale the relative importance of the molecular diffu-

sivity coefficients, such as viscosity and species diffusivity, must not only enter in

this description, but are likely to do so in a non-universal way.

It is interesting that transition to turbulence, at intermediate values of the

Reynolds number, appears to be universal, whereas mixing in fully-developed tur-

bulence, at high Reynolds numbers, does not.
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which is typical of all shock-capturing methods. Such
A method for computing one-dimensional unsteady compressible schemes are the TVD schemes [6, 7], the various MUSCL-

flows, with and without chemical reactions is presented. This work has type schemes [15], the PPM scheme [3] (piecewise
focused on the accurate computation of the discontinuous waves that parabolic method), etc. A comparative study of some of
arise in such flows. The main feature of the method is the use of an these schemes for real gases is given in a review article by
adaptive Lagrangian grid. This allows the computation of discon-
tinuous waves and their interactions with the accuracy of front-tracking Montagnc et al [!1]. The basic high-resolution shock-
algorithms. This is done without the use of additional grid points capturing methods have been developed for nonlinear scalar
representing shocks, in contrast to conventional front-tracking hyperbolic conservation laws. It is for this case that there
schemes. The Lagrangian character of the present scheme also allows exists a sound mathematical theory. For nonlinear hyper-
contact discontinuities to be captured easily. The algorithm avoids bolic systems of equations in one space variable the theory
interpolation across discontinuities in a natural and efficient way. The
method has been used on a variety of reacting and non-reacting flows is not as clear and the numerical methods used for these

in order to test its ability to compute accurately and in a robust way systems apply formally the same techniques as in the scalar
complicated wave interactions. © i3s•Academi Prw,,. Inc case, but with the additional use of exact or approximate

Riemann solvers. A classical Riemann problem is solved
locally at each computational cell boundary in order to
compute the various flux terms required. This is the essen-

I. INTRODUCTION tial ingredient of the original Godunov scheme and it is pre-
sent in most successful high-resolution schemes. The various

Several methods for computing unsteady inviscid com- flux-vector splitting techniques [14, 16] have essentially
pressible flows have appeared in the literature in recent incorporated in them an approximate Riemann solver.
years. The emphasis has been on the ability of these numeri- Finally, their extension to more than one space dimension
cal schemes to compute accurately discontinuous waves is usually done by treating each spatial dimension
which develop and their interactions, separately.

High-resolution shock-capturing methods for hyperbolic Another category of numerical schemes that have been
conservation laws is one category of such methods which used is that of the shock-fitting or front-tracking methods.
have been used successfully in recent years. A basic feature Although they have not been used as extensively as the
of these methods is that the conservative formulation is used shock-capturing methods, they have been quite successful in
which allows for shocks and their interactions to be one-dimensional problems. A good review of these methods,
captured automatically without special effort. This is as well as of many shock capturing methods, is given by
characteristic of all older shock-capturing methods, Moretti [12]. These schemes are typically based on a non-
such as the Lax-Wendroff scheme [8], the MacCormack conservative formulation and an effort is made to detect and
scheme [ 10], the original Godunov scheme [5]. In all such identify the various discontinuous waves and compute their
methods, discontinuous waves of the solution are represen- interactions explicitly. This is usually accomplished by
ted as steep fronts, i.e., smeared over a finite number of com- introducing additional computational elements repre-
putational cells. A second and more important feature of senting such waves and using the Rankine-Hugoniot jump
recent high-resolution schemes is the special effort which is conditions. This technique leads to complex programming
made to achieve higher order spatial and temporal accuracy logic. Identifying the waves and computing their interac-
so as to represent discontinuous waves of the solution as tions accurately is crucial for obtaining a meaningful and
accurately as possible, i.e., to reduce the smearing effect stable solution. For flows with complicated wave inter-
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actions such schemes may not be as robust as the shock- the effect of curvature on detonation wave speed and
capturing schemes, even in one space dimension. stability. Most of the results presented are basically valida-

The research presented in this paper is part of a greater tion runs and calculations demonstrating the abilities of the
effort which aims to combine the characteristics of the method and the potential use for specific one-dimensional
above two categories of numerical schemes and to develop problems of interest. All results shown are for a perfect gas.
a method which will share the advantages and eliminate The difficulty of incorporating a general equation of state is
most of the disadvantages of both. This has been accom- the same as in most schemes and independent of the main
plished in the case of one-dimensional flow by the scheme feature of the present scheme, i.e., the adaptive Lagrangian
presented in this paper. The increased accuracy which is grid strategy.
provided in the computation of complicated wave inter-
actions and its robustness have made this scheme especially
valuable for the computation of reacting gas flows, where 2. NUMERICAL METHOD
detonation waves are present.

The scheme is based on a conservative shock-capturing 2.1. Mathematical Formulation
Godunov-type scheme, very much like van Leer's MUSCLGoduov-ype chee, vry uchlikevanLeers M SCL The inviscid flow of a reacting mixture of calorically
scheme [ 15 ]. The new feature, introduced here, is an adap- The inviscidf re acigmixu of alifill
tive Lagrangian grid which increases the accuracy with perfect gases is considered. The assumption of a simplified
which discontinuous waves and their interactions are reacting mixture is made, according to which there are two
computed. Without introducing additional computational species present at any time, the reactant and the product.elemnts i~., rfinng he ridor pecal cmpuatinalThe reactant is converted to the product by a one-step irre-
elements, i.e., refining the grid, or special computational versible exothermic chemical reaction. This assumption iselem ents to represent these w aves, the shocks and contact m d n o d r t o p r i h t e m n h o ei a n
discontinuities are computed as true discontinuities, made in order to compare with the many theoretical and
without the smearing effect typical of shock-capturing numerical results which are available in the literature for
methods. This makes the scheme different from adaptive this case. The chemical reaction rate is given by the standard
mesh refinement schemes (e.g., see Berger and Oliger [2]), Arrhenius law
which smear discontinuities, although on a much finer local
grid. The basic conservative shock-capturing capabilities of i = -KzT• exp( -E/R 8 T), (la)
the scheme are not diminished. The scheme is endowed with
the capability to track various fronts and, thus, the shock- where z is the mass fraction of unburnt gas, K is a positive
capturing and the front-tracking ideas are combined constant, which essentially gives a time scale, E is the activa-
properly. It is important to note that the adaptive grid t
strategy, to a certain degree, is independent of the particular T is the absolute temperature, and a is also a constant. The
solver. Any Godunov-type scheme may be used. The simplified Arrhenius model, where the reaction rate is a step
Riemann solver is the link that provides the information function depending on the temperature, has a!:'- been used.
about local wave interactions needed for the adaptive For the simplified model the rate is given by
procedure.

It was deemed interesting to try this scheme on one- i=-KzH(T-Ta), (lb)
dimensional flows of reacting gases in light of the increased
accuracy and robustness with which detonation waves and where
their interactions could be computed. The interest in such
flows is evident by the number of papers appearing in H(x)= 1(2)
the literature. For example, numerical calculations, with (0, X < 0,
increased accuracy, of the one-dimensional instability of
plane detonation waves may be of great interest in confirm- and T, is a given critical temperature.
ing existing theories which are based on linear stability The problem under consideration is a special case of the
analysis (e.g., see Lee and Stewart [9]). The present scheme general problem of solving numerically the nonlinear
is able to reduce the error caused by the numerical smearing hyperbolic system of the form
of the leading shock of the detonation wave. This error
may be very important in the development of detonation aU aF(U)
instability. •t + ax

The computer code developed is also able to compute
one-dimensional cylindrically and spherically symmetric where U is the appropriate solution vector. As usual, x
flows, as well as plane flows with area change. It is thus denotes the Eulerian space variable. If the Lagrangian
possible to compute explosions and implosions and study formulation is used, a system of exactly the same form is
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obtained. The space variable x, then, is replaced by a equations, e, is the total specific energy, which includes the
Lagrangian space variable and the flux vector F(U) is chemical energy, i.e.,
changed appropriately. For non-reacting flow, G(U)= 0.
Most numerical methods use Eq. (3) as their starting point et = e + . u2 + qoz, (9)
and, using a finite volume discretization, obtain the scheme
of the following general form where e is the specific internal energy, qo is the heat release

of the chemical reaction, and u = Jul is the magnitude of the

U+i = U;' - At (Fj+1/2- j/2)-+Atdj, (4) fluid velocity. The perfect gas assumption is also made, i.e.,
AX

p= (y,- l)pe. (10)

giving the solution, in an average sense, in thejth cell at the
time level n + 1. The numerical flux terms )lare computed at Since the boundaries of the computational cells will be

the boundaries of each cell. An important feature of every moving, it is useful to consider the flow map

numerical method is the calculation of these flux terms in a
way that guarantees stability and high-order accuracy. X (g t), (11)

A slightly different approach will be taken in deriving the
present scheme. Eventually, it will be of the general form which gives the position of the fluid particle that was
given in Eq. (4). It is useful to formulate the problem by initially (t = 0) at the position ý. Thus, 4 is convenient
writing the conservation laws in integral form for an Lagrangian marker for the fluid particles in the flow. If the
arbitrary control volume V(t), whose bounding surface S(t) Lagrangian approach is taken, the local boundary velocity
moves with a velocity Ub (Reynolds' transport theorem). is equal to the local fluid velocity, i.e., Ub = U in Eqs. (5)-(8).
These equations will be applied to each computational
volume of the discrete numerical scheme. This is done so
that the conservation equations and their discrete counter- 2.2. Spatial and Temporal Discretization

parts are written in a way which is independent of the Consider now the case of one-dimensional flow. A finite
Eulerian or Lagrangian formulation that will be adopted volume formulation is used, i.e., space is discretized by a set
eventually. Moreover, it is easier to see from these equations of computational cells as shown in Fig. 1. The conservation
how the idea for the adaptive nature of the grid is motivated, equations are now written for the jth cell of the computa-
The conservation equations in integral form are tional grid

ddlnj • (P A•Ub)jl 1 /2 -_(p /Ab)j_ l/2= O, (12)

d f"(0 pdV+ fs, p(u-ub).dS-=0, (5)
d

d J pu dV+ s pu(u - ub) . dS d (mjuj) + (pu Aub)j+ 1/2 - (pu Aub)j- 1/2

fd + pj+ 1/2- pj1/2=0, (13)
+1s{, p dS=0O, (6)d

" SC(-) d (mjej) + (pe, AUb)j+ 1/2 - (pet A•ub)j- 1/2

d pe, dv+ Jl, pe(u - Ub) dS + (up )j+t 1,2 - (up)j_ 1/2 = O, (14)

d
+ f pu. dS = 0, (7) d- (mJTJ) + (pz AUb)j+ 1/2

d f, pz dV+ spz(O - Ub) -dS (pz AUb)j_ 1/2 - im- 0, (15)

-f V() pdV=0. (8) I~ cl pc-( 1) dg .1)space

j cell variable

FIG. I. Finite volume discretization in one space dimension. The
These are written for an arbitrary control volume V(0), space variable can be the Eulerian x or the Lagrangian 4. The boundaries
whose bounding surface S(t) has a velocity Ub. In the above of the jth cell are denoted by the subscripts j.
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where The equation of state (10) provides the means for com-
puting the average pressure in thejth cell,

AUb U - Ub,
P/ +12p = (yj- I)pj (ejs- qozj- ½ 2 ) (21)

mjs-" p dx,
in pThe exact integral conservation laws have been written

x. 1/2 for each computational cell. Equations (18) will now be
mAu, J1 pu dx, (16) integrated in time explicitly. The basis for the method is a

-= -•- ,2 conservative Godunov-type scheme similar to the MUSCL

,, p(e + u2 + q0 z) dx, scheme introduced by van Leer [15]. The procedure
I f, followed in solving these equations is similar to that used in

most methods, which are higher-order extensions of the
mi n= pz dx. original Godunov scheme. At every time instant, average

I, ,values of the solution are known in each computational cell.

Linear variations of the primitive variables, i.e., density p,
Average values of all quantities in thejth cell are denoted pressure p, and velocity u, are assumed in each cell. A

by the subscriptj and values of various quantities at the two Riemann problem is then set up locally at each cell interface.
boundaries of the cell are denoted by the subscripts j + ½. The solution to this problem gives the velocity, pressure and
Note that average values are mass-averaged values. By density needed to compute the flux terms (17). The different
defining feature in the present scheme is that the Lagrangian

formulation is used instead of the Eulerian and that an
Fm P AUb, adaptive grid is used.

=pu 4u, + p, So far, the fact that the Lagrangian formulation is being(17) used, has not appeared explicitly in the description of the
Fe pe, LUb + pu, method. It is now that this choice is made and all quantities

F: pz AUb, are considered as functions of time t and the Lagrangian
space coordinate ý. The interpolation procedure is carried
out in c-space and, assuming linear variation, the generic

the equations of motion can be written in the more familiar quantity q varies as
form

dq() = qj + (q4)j -J), (22)
.2+ (Fmo)j+ ,/2- (Fm)j./ =0O,
dt in thejth cell, where qj is the mass-averaged value in the cell,

d ýj is the center of the cell (in Lagrangian space), and (q,)j is
dt (miuj) + (F,)j+ 1/2 - (F)j_- 1/2 = 0, the slope of q in this cell, which is assumed to be constant.

(18) Note that discontinuities of these quantities are allowed at
d the cell interfaces, as shown in Fig. 2.
dt(msetj + (Fe)j+ 1/2- (Fe)p-3/2 =0, The slopes are chosen using the van Leer slope limiter

d ([17], but the adaptive nature of the grid, which will be
dtqdt (msz1) + (F.)s+ ,/2 - (F:)j-,/2 = mqs.a

Note the extra degree of freedom provided in the flux terms
by the, as of yet unspecified, term Aub. The motion of the
cell boundaries is determined by

dxL± 1/2 = (Ub)j± 1/2 (19)

dt
"j- 3/2 j-1/2 j"2 space

and the average density in each cell is given by jd~celI variable

m/ (20) FIG. 2. Linear variation of the generic quantity q in the jth cell.

X! + 1/2 - X_ -/2 In general, q is discontinuous at the cell interfaces.
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described next, makes the choice of limiter less important where P, is the initial density (t = 0) and a is the speed of
than in the typical higher-order Godunov-type schemes. In sound. The constant states q 1 are then determined as the
fact, the adaptive grid allows more freedom in choosing the averages of Eq. (22) over the domains A4 1; Fig. 3. These
interpolation scheme, because additional information on domains correspond to the full timestep At. This is equiv-
the location of the various waves is always available at alent to tracing the characteristics back from the time
each time instant. The slope (q,), is computed, following t+,At/2 and using the linear profile (22). This ensures
van Leer [17], by second-order accuracy in time.

The discrete scheme, giving the solution at the time level
(q4)j = ave(q•, q ), (23) n + I from the solution at the previous time level n, can now

be written as
where

( - q(2 n)n = (+ ijn -I -(It[(F'+=,),"+ I-A t (Fm)1 _ 1+/2]'q,- q-, q+'-q (24)

(reU, +, I = (mju 1)N- At[(U),+. 1/2 - ( 11)- I,2],

S+ v[I- (X i) 2

ave(x, y)+ 2 2 2], (25) (me),,)" + = (mje),,_ - At[(te),+ 1/2 -_()j i], (28)

and c 2 is a small constant (c 2 < I ). (m,Z.r) ' = (m,in)" - AIt[(F:),+ 1/2 - (:)j 1,/2]

At each cell interface, two constant states q and q + are
required to be used as the initial condition for the Riemann
problem. There are many ways of doing this. One way is to x 2÷ +A_ u)
specify for the j + 1 interface ,±+ 1/2 = I ± 1,2 + ,t(Ub)j ±I/29

qy+ 1/2 = qj + (q:)i (ýj+ ,,2 - where the numerical fluxes Pm, tu Fe, and F. are given by
(26) Eqs. (17), using the solution of the Riemann problem. The

q+ 1/2 = qi+ I + (qO) (+ (+ 1/2 -'j+ 0), average boundary velocity Ub for each interface is still
unspecified, but for the majority of interfaces Ub = u and thei.e., the values of q on either side of the interface, as given by last of Eqs. (28) is second-order accurate in time. The

Eq. (22). Using these states does not ensure second-order sou erm in secis -eq ation csushow in Eqs. (8 a
accuacyin ime Themetod sedin he peset shem issource term in the species equation is shown in Eqs. (28) as

accuracy in time. The method used in the present schemc is being evaluated at the time level n. It is better to integrate
shown in Fig. 3. The domain of dependence of • = •j+ 1/2 the source term in a -split" manner, i.e., integrate the first
over the time interval At is estimated by the characteristics four equations in (28) without the source term and use this
at the time level t. In the Lagrangian formulation of the intermediate state to estimate the term mi, 4. This splitting
problem the characteristic speeds are given by has been implemented in the present scheme.

The stability requirement on the timestep is that of a

c,= ±-- a, (27) MUSCL scheme in the Lagrangian formulation. No addi-
Po tional stability problems arise due to the adaptive grid

strategy presented in the next section.

A t 2.3. Adaptive Grid

The motivation for the adaptive grid comes from the
definition of the flux terms, as given by Eqs. (17). The term
+_Aub, or, equivalently, the velocity of the cell boundary ub,
is unspecified. The idea is to specify it at each cell interface,
so that all important discontinuous waves coincide with cell
boundaries, at every discrete time level. The solution of the
Riemann problem at a given interface provides all the

Aý- A + information needed to identify all the important waves
j+ 1/2 emanating from this interface, as well as their strengths and

speeds. This information is enough to specify Aub. Since all
FIG. 3. The constant states q±, which are to be used as the initial important waves coincide with cell boundaries, it is guaran-

condition for the Riemann problem at the interface j+ 1, are obtained by importat av es c in e ith cel eslitis gfarhe-
averaging the linear interpolant over the domains of dependence ý*. teed that, at subsequent time instants, the evolution of these
These domains correspond to the full timestep ,i. waves will be determined properly by the solution of the



366 LAPPAS, LEONARD, AND DIMOTAKIS

local Riemann problems. In the numerical experiments which is essentially Eq. (11) written here for one-dimen-
carried out, shock waves computed by the local Riemann sional flow. The cell boundary motion is given by
solvers were considered important enough to track if the
shock Mach number was greater than 1.01 and contact dis- Xb(t) = X(4b(t), 1) (30)
continuities were considered important if the ratio of the
densities on either side was greater than 1.05. These and, hence,
parameters are quite conservative. One may want to track
only the very strong shock waves in the flow.

The grid is, basically, Lagrangian, i.e., most cell bound- Ub= + b(t)\,I (31a)

aries move with the local fluid velocity and, hence AUb = 0.
It is easy to see that the same ideas on the adaptivity of the or
grid can be used on a grid that is primarily Eulerian. The
same equations can be applied directly.

An example of this adaptive procedure is shown in Fig. 4. Ub = U + Vb L (31b)
A strong shock wave moving to the right is computed by the

Riemann solver at the interface i - 1 at time t. The decision The derivative of the flow map is numerically approximated
is made to assign a velocity to the adjacent cell boundary and assumed constant in each cell, i.e.,

i + ½, so that at time t +At the shock coincides with the

interface i+ ½. Another possibility would be to have the ,.) x
interface i - move with the shock. The decision is made_. j+ 2/2 - (32)
depending on which interface would be required to move a j /2 - 1/2

shorter distance in Lagrangian space. The shock speeds are The velocities of the various waves, which are computed by
assumed constant over the time interval At. It is obvious the Riemann problems, can be translated into velocities in
that the local expansion waves can be tracked in the same c-space by using Eq. (31b). The Lagrangian position of
way. This was not implemented in the present scheme, each interface is updated by
simply to reduce the complexity of the programming.

It is evident from this example that a relation between the n

velocities in real space and the velocities in Lagrangian -7±i,2 = ± I + 2 + A ,(Vb)j± 1/2. (33)

space is needed to update the Lagrangian grid. Consider the The solution to the Riemann problem at each interfacemotion of a cell boundary given by the trajectory x = Xb(t). ThsouintteRemnprbmatahitrfc
This boundary is moving with a velocity U X = Xb(t), which, provides sufficient information for the adaptive strategy.
This boundara is mvife ng f ithat vheloity u. =(t)whimotion Using the exact Riemann solver at every interface is very
in general, is different from that of the fluid u. This moincostly. To reduce the cost, various criteria were found to
corresponds to a motion in c-space given by the trajectory costly to ce terces wh ere fonto
S= Gb(1) with velocity Vb = •b(1). The relation between the identify the cell interfaces where a strong discontinuous

wave is suspected to be present, before solving the Riemann
two velocities is found with the use of the flow map problem. These interfaces are flagged as critical interfaces.

(29) The ratio A / -1Ai + has proven useful in detecting develop-
ing shocks in the flow. Where the flow is smooth, without
steep gradients, the above ratio is

time AL = (34)
shock /z+

o The regions, where this ratio deviates from unity by more
t+A t than 10 %, are considered critical regions. The full nonlinear

Riemann solver is used only in these regions. Everywhere
else the simple acoustic approximation to the Riemann
problem solution is used. It was found in all the numerical

experiments performed that, in addition to the above
I V criterion, finding local extrema of the slopes in pressure,

i-1/2 itell W/2 density, and velocity was very useful in determining these

regions. Other criteria may also be used. It is important that

FIG. 4. The appropriate velocity is assigned to the cell interface i + ½ the criteria be conservative enough, so that no critical
in order to intercept the shock at the subsequent discrete time level. regions are missed, but they are not crucial in detecting
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discontinuous waves. The detection of important discon- will be able to track them in the same way at subsequent
tinuous waves is ultimately done by examining the solutions times. The fluxes at the interfaces i - ½ and i + 2 are held
to the local Riemann problems. constant for the whole timestep At. This leads to a robust

No more than two adjacent critical interfaces are allowed way of handling wave interactions, without loss of accuracy.
at any given time. In the smooth compression regions, the
interfaces at the maxima of the pressure gradients are
considered critical. The pressure gradients are estimated 3. RIEMANN SOLVER
using simple finite differences. If the Riemann solver at these The Riemann solver is an important ingredient of the
locations computes sufficiently strong discontinuous waves, numerical scheme. It provides the means for computing the
then they are tracked. The critical interfaces, which carry velocity and the pressure at the cell interfaces and, thus, the
these waves, are treated the same way at the next time level various flux terms required. It also gives valuable informa-
along with other possible critical interfaces that may be tion about the local waves emanating from each cell inter-
detected. When there are two adjacent critical interfaces, the face. As explained in the previous section, the Lagrangian
two Riemann problems are solved simultaneously. At this grid adapts in such a way that important discontinuous
point it is decided if collisions will occur within the timestep waves and collision points coincide with cell boundaries at
At. There are six waves resulting from the two Riemann each time instant. It is, therefore, necessary to be able to

problems and there are four cell interfaces available to do identify the wavcs emanating from these critical cell bound-

the tracking. The strongest waves are tracked and the others aries at subsequent times. This is what the Riemann solver

are ignored. This procedure has proven to be very robust in acies A variety of ex at te Riemann
handing ll ossile ave nteactins.accomplishes. A variety of exact and approximate Riemann

handlisiong all po lewviontefrowalsctns. bsolvers have appeared in the literature in recent years. In all
Collisions and reflections from walls can be treated in a teeslestefcsi ncmuigtevlct n

straightforward way using this adaptive grid. A typical colli- these solvers the focus is on computing the velocity and

sion case is shown in Fig. 5. At time t, two strong shock pressure of the contact discontinuity, which appears after

waves at the interfaces i - ½ and i + ½, are moving at each problem. In the present scheme it is crucial to identify the

other with speeds that allow for a collision before time exact wave pattern as well. This information is used to
t+ ,At. The Riemann problems at the interfaces i-½ and
+ Thae soled prole at time insimultan faeously. Te s ond assign the appropriate velocities to adjacent cell boundariesi + 1 are solved at time t, simultaneously. The solution

iso that all important waves are tracked and to adjust the
indicates that there will be a collision within the time inter- time step locally so that collisions are computed accurately.
val At. The time step is adjusted locally, i.e., only for the Moreover, the fluxes at an interface need to be computed
three cells i- 1, and i+ 1, so that at the intermediate time along the ray 4(t) = Vb; see Eq. (31b). Most interfaces are
instant the collision point coincides with the cell boundary Lagrangian and heice, Vb = 0.
i+ 4. The Riemann solver at this interface, at the inter-
mediate time instant, will compute the two shock waves 3.1. Non-reacting Perfect Gas
emerging from the collision and the adjacent cell boundaries

Consider the case of the Riemann problem for inviscid
flow of a perfect gas without chemical reactions. The initial

time condition at time t =0 consists of two constant states
denoted by the subscripts r and L Note that it is possible to
have two different perfect gases on either side of the ý = 0

t+ 2At i-3/2 i- 1/2 i+12 1+3/2 location, as indicated by the different specific heat ratios,
i.e., y, and y,; see Fig. 6. The space variable ý is the

t+At

/VP ,PIl), Uy I

P1 'Pr' u1 'Yr

i-3/2 i-1/2 i+1/2 i+3/2

FIG. 5. The typical collision of two shocks is shown. The time step is
adjusted locally so that the collision point coincides with the cell interface FIG. 6. Initial condition for the Riemann problem. The variable • is
i + I at the intermediate time step. the Lagrangian space coordinate.
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Lagrangian space coordinate. At time t= 0 the general where M, is the shock Mach number for L. Equations (35)
wave pattern shown in Fig. 7 will develop, and f37) can be solved for the shock Mach numbers to give

There is a wave moving to the right (posi!ive f) denoted
by R, a wave moving to the left (negative ý) denoted by L,
and a contact discontinuity C which remains at ý = 0 for all M , =_ r+ + (
time, i.e., moves with the local fluid velocity. The waves R M, = + 4
and L are either shocks or expansion waves, depending on 1,+
the initial condition. Across the contact discontituity C the M, -= 1u-u
pressure p1 and velocity uf are continuous, but the density 4 a,

has a jump discontinuity at ý = 0 for all time. The density is//?+ 1 2 841- 2

pf for ý < 0 and pf, for ý > 0. It is known that the solution + (- J 4f) +1. (39)

to this initial value problem exists and is unique for
arbitrary initial conditions. Moreover, the solution is self- The pressure ratios across the two shocks are given by the
similar and the shock waves propagate with a constant
velocity and strength. That is why they are represented by equations
straight lines in the (ý, t) diagram.

There are four wave patterns possible for this -roblem. -= + 2 -, (M2, - 1), (40)
The solution will be found for each of these wave patterns pr -+
for the special case of a perfect gas. P-f= 1 + 2Y,

_ L (M2 -). (41)
(i) L-shock, R-shock. Across the shock R the following Pt + 1

relationship holds: From Eqs. (38)-(41) one obtains a single equation for the
unknown r,

r=uf-u, 2 (Mr 1 - (35) 2
a, Y'+ 1 \ M, G(r) 1-/+y,-'+ 1 2 +

4 4__
Pr -- • +,,N-----Jr+

Mr is thL shock Mach number defined by P1 11 + 1 u,-, - ra,

p, 4 a, al /
M, = Ur ,U (36)_E--P •u1 r-!I-u ar

a, Pr Y a, a,

where U, is the shock velocity and a,= //,p,/p, is the x -'i- + 1 =0. (42)
speed of sound in the unJisturbed region r. Similarly for the \4 a, a, /

shock L,
This equation is solved numerically using a Newton-

u,- u, 2 Raphson method. Once r is obtained, all other quantities of

a, Yu + I M- (37) interest follow from Eqs. (35)-(41). The densities are deter-
mined by

p, (24 -I)M_ i=r,1. (43)

C
It is important to be able to determine if this wzve pattern

will develop for a given initial condition. For this so!ution to
L R be possible, certain compatibility conditions must hold.

These are easily found by noticing that in Eqs. (35) and (37)
the shock Mach numbers M, and M, must be greater
than 1. It then follows that the following compatibility

FIG. 7. General wave pattern resulting from the breakup of the condition
original discontinuity of the Riemann problem. C is a contac* discon-
tinuity. L and R can be either shocks or expansion waves. u, U< uJ U,< U, (4;)
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must hold or, equivalently, (iv) L-expansion wave, R-expansion wave. In this case,
there are two expansion waves and the pressure ratios

U, - U, '< 0, across them are given by

111 __ _ 
(45)

O<r•'Ua, P-=(~Ip + If- ) u-u'2''-'2 a

2 ,(50)

(ii) L-expansion wave, R-shock. In this case, Eqs. (35), P._, I + Y,- I u -u, 2)"Ay'- I

136), (38h and (40), derived previously, still hold for the p, 2 a,,
shock wave R. In addition to these equations, the following
equation gives the pressure ratio across the isentropic From Eqs. (50) the following single equation in r is
expansion wave obtained,

p, + 7 . u, a, U ) S(r)f I + Y_ 21 r)2 v1(yr I

"y-Ut -u,- uy -- I a 2
'i,- i(j- 2yI/b.a-,)) . (46) P) I + Yl- I ul-Ur - = 0,2 a, -+2-- - r = 0,

a, a, 2 al 2 a,

where r s dcfin•d in Eq IM351 Combining Eqs. (38). (40), (51)

and 46 L,'a 1sminle equation in r is obtained, as in the which is solved numerically with the Newton-Raphson
Vf',p a Cl. method. The compatibility conditions are once again found

by noting that across the expansion waves 0 < pf/pI < I and
- ./ + 1 0< p/p, < 1, which, using Eqs. (50), give

In W . 0. 0'<U,-u ,<2(-u,<2 a, + a, (52)

(47) and
which i% i'vd nulrnmwUy The detwieo am determined 2
NY Vq *bkI actrami the thmh mid tq the twatopSoc reltwoi~ - - < r < 0,

•.,- I(53)

a, a, a-"

wri"~ the e0ple, IWV 3.2 Acotitc Approximation
TIhv •a#NMi csmdiswli awe anNl b,? "MIeg thai

Sthe w W A .O h V <_ , P. Id <IMWTv the The solution to the Riemann problem becomes easier to
9,nit *. V r , I I MV" F IM ý n ;46t the k olliam when the initial conditions are such that the waves R

•ebn ,A*r . and L shown in Fig. 7 are so weak that linear acoustic
theon can he used This happens when the distance, in

,. l, <•s.wne sm. between the two constant states r and I is small.
i• The wav" N and L can then be treated as acoustic waves

"* .wwh the presxmi ratios across them given by the simple

JIM P.P. imp - N)u. (54a)

"vs 3 )-r- % ,,,P,,(i•- ,,). (54b)

Coi. i i Eqs 1and. I _%h onefinds

Im Id4- A* t-e uu'awtw-wv T%" casw evactth ft
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The densities behind these waves are given by dcrinbed ,, to a. t.-i tht bob mru,'tq aug 11 ,- f-

For the fek1| in$ LAW, tti itN tlw Utltv"itti

Pr p i (pf +lA 2p,)/(p, + p iI Pdj(56) gas :ar afg vt o4u% aciLus .xitt.*4-i dtatkttthtat)Itia&W , ti"I

not aCIL55 s*hmstw TUC 1).4utjt* 0 Chso p1ttt%.ml *sr "act"

where compliated and no kW w•-. mtUlal tli I f # a titpul

wave pattern tis•n owha " 11Wth•, aLad r"t"&.tACDAi iiiksvt s

ti,--(Y,-l)/(y,+l), i=r,1. (57) curved in ihe ti , it pta&A sv thr') ac isowimfcatith lbs

solution to this -icalt'd Raleatit pWLA*'f. hat hnM4

3.3. Reacting Mixture of Calorically Perfect Gases worked out b, Matanis c- Anrtt. I13 Ii its *a ,u i ti ths

So far, the classical Riemann problem for non-reacting solutimn approacr the "visct, co thr jb&*u , (ictata,

inviscid flow has been considered. The solution to this problem for the nopare.ais or , it ow esh h timi ,: - o l*ua

problem, as mentioned before, is a self-similar solution, i.e..

depending on x/t only. For the case of a simple reacting given by Ben-Artw protsadct hhtw ,'i cwta•tL,=utv cvrtt ONs

mixture the nonlinear system of equations, that needs to be usual non-reacting "ovcr %umcnixl rrwmftt, wrt pet

solved, is of the form formed using the prr•sn adarpmit 1..I3gpa sin as'•r•-st wit,

both Riemann solverh It Aat lound that the tmtlit bv"'

aU aF(U) gave results which were just as good l1"h wrsr ci, ihs

+ = G(U), (58) various waves was captured numenrails quic ax-atateh
a•t ax.

where
4. NU,'MERICAIL F'•S T%

SPu F(U) pU2+ p9) A number of test cases were -'in using this nuinrtual

= +U2) pu(e + U2) + pu scheme. The cases were chosen pnmanl% to valate ith
P: pzu code and to demonstrate its potential lot u,,-lant it)

problems with complicated wave interaction' the "wwmic

and is particularly useful for computing unusead reauling l•kws

involving detonation waves and their interaclions

( 0 4. 1. Sod's Shock- Tube Problem

G(U)= . (60) The first case is the classical shock-tube prolem It
- .is an important validation run for the code The initial

conditions used are those proposed by Sod 113] At time

This is written using the Eulerian formulation, but one t = 0 a diaphragm at the location x = 0.5 separates the two

obtains a system of exactly the same form, if the Lagrangian constant states

formulation is used. The Riemann problem solution, pl= l.O, pl= l.O, ul=O.O, X<0.5
t (61)

p,=O.l, p,=0.125, u,=O.O, x>0.5.

expansion shock for a perfect gas with y = 1.40. N = 150 computational cells

wave are used in this calculation. In all the results presented.

the solutions are given as functions of the Eulerian
space variable x, even though the calculation is done in
Lagrangian space. The Lagrangian aspect of the scheme is
evident by the increased density of computational points in
compression regions. The comparison between the numeri-
cal solution and the exact solution shown in Fig. 9 is
excellent. Note that the expansion wave is computed with
the accuracy of typical shock-capturing schemes, since no

FIG. 3. This is a typical wave pattern resulting from the breakup of effort is made to track expansion waves. The shock wave

the initial discontinuity of the Riemann problem for the case of a simple and the contact discontinuity are computed with no
reacting mixture. The solution is no longer self-similar. smearing.
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In order to demonstrate the ability of the scheme to com-
pute complicated wave interactions accurately, the shock
tube problem is carried a step further. Reflecting walls are
assumed present at the locations x = 0 and x = 1. The com-
putation is continued to see how the multiple reflections of
the shock from the walls and its collisions with the contact
discontinuity are calculated. In Fig. 10, the solution is
shown after the first reflection of the shock wave from the
wall at x= I, which occurs at t=0.285. In Fig. 11, the
reflected shock has collided with the contact discontinuity
and a new shock wave has been generated. The solution at
a later time is shown in Figs. 12. The computation was
carried out until time t = 7.88. That corresponds to many
reflections of the original shock. In a real experiment viscous
effects would have made the process die down much sooner.
In Fig. 13. the entropy of the system is shown as a function
of time. The entropy is defined by

s -ln(p/pl•). (62)
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1-0210 for &A- *hock tubL Proikm wImb N - 190 coapwatwmI cab
(C) DF. pro" of a1t r r- 00 bm W1 shock tube Pro4om wrth
N -I150 comwptuma4caft Tl" she hb• i ep . t the exact solutons FIG. It. Ia) Presmstu profile at tae r-0.40. (b) Density profile at
aMd the bolts lewwu the umom aot tane u 04r - 0. The shocJ has tellected from the wall at x - I.
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As t-• o, the system approaches the state predicted by i
thermodynamics, since the scheme is fully conservative. Any o0.
scheme which conserves total mass and energy will give the
correct final entropy. In this case it is s=0.1168 in the //

appropriate dimensionless units. This is an important point
worth repeating here. The conservative character of the 8 06 .1

scheme is not compromised by the use of the adaptive grid i
technique. 0'

02

4.2. Strong Shock Wave Problem

The strong shock wave problem used by Woodward and 0
Colella [18] is computed with the present scheme. This
problem is a good test case because of the strong interacting FIG. 13. Etrop s- =(p)f the sm as a hlit of rtm fr
discontinuous waves. The initial condition is that of a gas the shock tube problem wfth multiple rdlecticna
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inth specii heat ratio 7 - 14 at rest in the tube 0 x 4 1. 4.3. ZND Detonation Waves
The minml density a p - I and the pressure is

Another test case is that of a steady detonation wave.
p 1000. x < 0.1. The well-known ZND theory (Zei'dovich-VonNeumann-

0.01. 0. 1 < x <0.9, (63) Doering) for a steady detonation is used to compare with
the numerical solution obtained using this scheme. As a first

p - 100. 0.9 < x < I. check, the profile of a steady detonation wave, computed
using the ZND theory, is given as the initial condition to the

The results are shown in Fip 14 and 15 for the times unsteady code. The solution after time I=10 (10,000 time
t-0.030 and t-0.038. resp ively 800 computational steps) is then superimposed on the ZND solution and
cells were used for this calculation. compared. The comparison, shown in Fig. 16, is excellent.
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are the solutions given by the ZND theory. The boxes are the numerical solutions.

The standard Arrhenius law, given by Eq. (Ia), is used for tion speed correspondimg to the Chapman JovoeS proin
the chemical reaction rate with a = 0, i.e., For details on the ZND theory aee the book ts Fx€eti and

Davis [4].
z= -KzT* exp(-E/RR T). The case of unsteody detonation waves wl now be -

sidered. For the following cae the so Arphs4w9M
The parameters used for this test run are chemical rate law is 'iued (Fq (hb).L ie-

y=1.2, q°/RTo=50, E/R, T=40, , -i•flT-T 1 L

where the subscript zero denotes the undisturbed region
into which the detonation propagates. This steady detona- where T, is a critical temperature above whdu the duemocal
tion wave corresponds to an overdrive factor off - 1.6. The reaction begins Figure 17 shos the evoluion of as
overdrive factor is defined by unsteady detonation propapgtig in un ds"iurbd reptou

It is the well-known piston probem The motion of the
f=D2 /D piston, starting at x =O, generates a staock whud m

the temperature of the gas above the €htkcal vahe T,
where D is the detonation wave speed and Dcj is the detona- The chemical reaction begins and the detonation wave
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very well by this scheme. N = 200 computational cells were to extend. The conservative front-tracking aspect can be

used. The numerical values used in this run are extended and work in this area is in progress.
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This paper focuses on the correlation of two successive scalar images for the
purpose of measuring imaged fluid motions. A method is presented for deforming,
or transforming, one image to another. Taylor series expansions of the Lagrangian
displacement field are used, in conjunction with an integral form of the equations
of motion, to approximate this transformation. The proposed method locally corre-
lates images for displacements, rotations, deformations, and higher order displace-
ment gradient fields, and applies a global minimization procedure to insure a global
consistency in the results. An integral form of the equations of motion is employed
and, as a consequence, no spatial or temporal differentiation of the image data is
required in estimating the displacement field. Successive two-dimensional digital
CCD images of fluid motion marked with dye, are used to verify the capabilities of
the method. The utility of the method is also illustrated using a pair of Voyager 2
images of Jupiter.
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1. Introduction

The application of photographic, CCD, and other forms of imaging for the
purpose of estimating flow velocities, has been investigated by many researchers in
fields ranging from fluid mechanics to vision research. In the most common methods
for measuring fluid flow velocities, the flow is seeded with particles, or markers, that
can be easily imaged and tracked. An extensive review of methods using particle
and speckle images for fluid flow measurement is presented by Adrian (1991). The
estimation of the motion and deformation of solids is closely related to that of fluids.
A method of determining displacements and stress intensity factors in solids, using
white light speckle images and image correlation techniques, is presented in McNeill
et al. 1987. In the absence of particles, flows have also been tagged with a line
or grid, e.g., using laser-induced photochemical reactions (Falco & Chu 1987), or
laser-induced fluorescence (Miles et al. 1989). When this is not possible, one can
use markers that occur naturally in the flow, e.g., Bindschadler and Scambos (1991)
have correlated the translation of distinct surface features in ice flows to determine
flow velocities.

Determining motion from successive images is also of interest in animation, as
well as the study of biological and robotic vision. Most investigations along these
lines have taken the form of extracting the motion of objects in an image and, as a
consequence, they focus on the motion of rigid objects and their representations. See
Hildreth & Koch (1987) for a review and Murray & Buxton (1990). This approach
is somewhat different from the interests of Fluid Mechanics where the object of
interes, is a fluid, highly deformable and often compressible. Nevertheless, many
results from object motion research apply directly to the motion of fluids and solids.

The proposed Image Correlation Velocimetry (ICV) method that will be de-
veloped in the present discussion has roots in both the correlation methods used
in measuring fluid flow and the deformation of solids, outlined in Sec. 1.1, and the
gradient methods used in measuring optical flows, outlined in Sec. 1.2.

1.1 Correlation methods

Several techniques for determining fluid flow velocities from particle image pairs
(e.g., Willert & Gharib 1991) employ an optimization that relies on some form of a
cross-correlation function, e.g.,

max Eo0(x) E,() d2 x, (1)

with
4- x+a , (2)
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where a is a vector parameter to be determined by the optimization procedure and
A is the correlation region. The distribution of the image irradiance, E(x, t), is
known at times to and ti, i.e.,

Eo(x) - E(x,to) and El(x) - E(x, ti) . (3)

The average velocity, UA, within the correlation region is then approximated by,

uA P (4)
tl - to

The drawback of this method, having only two parameters to quantify the motion,
is that it cannot resolve displacements properly where there are large displacement
gradients within the correlation region. Anticipating this problem, and being very
interested in displacement gradients, researchers in Solid Mechanics, apply tech-
niques which include higher order deformations of the displacement field within a
correlation volume. For example, McNeill et al. (1987) describe a method whereby
a model of the image displacement field (mapping) is used in a least squares opti-
mization procedure, i.e.,

min L [Eo(x) - El(ý)]2 d2x (5)&,Va JA

The affine mapping,
t = x+a+(Va).dx, (6)

is used as an example of such a function, and the displacement a and the four
components of Va are treated as parameters to be determined by the optimization
procedure. However, any physically motivated mapping can be used in place of
Eq.6.

In both these methods, the image data are integrated over a region and require
no spatial differentiation. Since, for two-dimensional images, only a few parameters
are extracted from the optimization, these methods are relatively immune to noise
and lend themselves to fast solutions.

1.2 Gradient methods

A method for determining the velocities of visual features in an image was
presented by Horn & Schunck (1981). This visual velocity is termed "optical flow"
to differentiate it from the velocities of (material) objects in an image, e.g., a shadow
moving across the ground has a perceived velocity that is markedly different from
that of the ground, and a rotating featureless disk will have no visual velocity at
all. The fundamental equation used by Horn & Schunch to determine the optical
flow was,

OE + u.VE = 0, (7)
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where E is the image irradiance (a scalar) and u is the optical flow velocity. The
differential terms, aE/at and VE, can be estimated from the image data and the
component of u along VE is calculated using Eq. 7. Methods employing equations
of this type are called gradient schemes. Note that no velocity can be calculated
using Eq. 7 if there are no features or gradients in the image, i.e., if VE = 0.
In addition, because Eq. 7 employs only the component of u along VE, velocity
components along the equi-scalar contours of E cannot be determined using Eq. 7
alone. This limitation was designated the "aperture problem" by Wallach (1976).
The terminology is somewhat misleading and is only used here in reference to the
convention. More appropriate names might be the "characteristic problem," or the
"direction problem," because the problem is finding the velocity along the charac-
teristic direction, E = constant. Gradient schemes also have the problem that finite
difference approximations of the spatial and temporal derivatives are necessary. A
problem with such approximations for the derivatives is related to the Nyquist sam-
pling criterion, where aliasing in the image data can effect the velocity estimates.
To minimize this problem in taking the gradient, the motion between images should
be less than half the smallest local spatial scale, AE, of the E-field, i.e.,

lul (i -to) 1 (8)
A E 2

(cf. Eq. 7), where (t, - to) is the time between images.

The uncertainty of the so-called aperture problem can be solved in some cases
by applying constraints to the motion, e.g., the motion is of a rigid body (see
Murray & Buxton 1990, for example), or a limited class of deformable bodies (see
Terzopoulos & Metaxas 1991).

Horn & Schunck (1981) applied a global constraint to Eq. 7 (in two dimensions),
by solving for u(x, t) using an optimization, i.e.,

min j ( [ OE +uVE]2+ka2) d2 X, (9)u(x,t) "- +a-Et " dx 9

where a represents the constraint cost function in the optimization process, and
k balances the relative cost of a and Eq. 7. In particular, Horn & Schunck chose
smoothness as a constraint, i.e.,

S2 = 2  (10)
i~j = 1,2

The idea of including constraints in the optimization process that determines the
velocity field, over an area, is important in the context of the method to be discussed
below. Note that the constraint in Eq. 9 need not be included in the optimization
integral. Instead, it could be included as a feature of the optimization technique.
See Murray & Buxton (1990).
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2. Proposed methodology

A succession of imagto can relxwav anything tram tiie mno on catse, on a
highway to the tranport of a dye maiur in wow, We i the O iew that pv•
successive image reprtenuatin, ther eXWa, a t sram iuwoo. or nwappin. of the
local image intensity data that Lakes ooe image to t thef t In mmy cAm. wile
the equation of motion of the imaged fild may be known. the mappmg lakiUng oe
image to another may not be. Succemtive images comlbie with the equa~tiow of
motion, however, often allow us to approximae the mappi".

The mapping of one image to the next can be developed by considerin& the
Lagrangian displacement field t(x, t) of the image sequence. Specifcaly. if x is
the coordinate of a point on an image at some initial time to, ((x,f) repreenm
the coordinate of this point in a subsequent image recorded at a later time t. If we
imagine the image sequence as the result of a continuous recording process, we can
assign a Lagrangian image-flow velocity field, referred to as "optical flow" in the
discussion and literature cited above, i.e.,

u[t(x, t), t] = dtx't

to the continuous displacement field C(x, t) that takes an initial point x in the
image recorded at time to, to the point ý(x, t) on the image recorded at time t.
We recognize that, for the case where the images represent fluid flow, e.g., successive
images of a convected scalar, the image-flow velocity field, u(x, t), may be quite
different from the fluid-flow velocity field uf(x, t). The extent to which the former
represents a good approximation for the latter is a separate issue that can only be
addressed in the context of the details of the particular imaging process and the
fluid-flow field.

In the proposed implementation, local series approximations for the displace-
ment mapping are used in conjunction with an integral form of the equations of
motion. A global nonlinear correlation (optimization) process is employed to esti-
mate the image-flow velocity, vorticity, deformation rate, etc., of the imaged data
field. "Series," in this discussion, will denote "Taylor series."

In the context of fluid mechanics measurements, we will focus on images of
continuous, passive, convected scalars, e.g., dye markers, carried by a fluid. As will
be illustrated using a pair of Voyager 2 images of Jupiter (Sec. 5), however, any
marker in the flow can be used.

The method will be developed for three dimensions and can yield three-
dimensional velocity fields. The method can also obtain two-dimensional velocity
fields from images of two-dimensional flows. In a concession to the limitations of
typical data acquisition systems today, however, the method will be applied here
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to a two-dimensional flow and also to two-dimensional slices of three-dimensional
flows. We note that in some cases, two-dimensional imaging devices can be used to
obtain approximations to three-dimensional image data, e.g., Dahm, et al. 1991. A
short discussion of the implications of correlating two-dimensional slices of three-
dimensional data is presented in Sec. 4.

2.1 Fluid displacement and equations of motion

To wee how the image-flow velocity field can be calculated from three-
dimensional image data sets, spaced in time, first consider a Lagrangian description
of a flow being imaged. Figure I illustrates the motion of fluid particles within a
volume, V. Fluid elements at x. in a neighborhood V, at time to, are convected to
locatin, J(x,t) at a later time t. The displacement field, f(x,t), can be thought
of as a transfonration of the field x, at time to, to f(x,t). Given the image
displwement field ((x, 9). the image-flow velocity field is then given by Eq. 11.

El•'• (.;t,)

S(X;to) = x

FIG. 1 Motion of a fluid volume.

Using this Lagrangian field, C(x, t), one could, in principle, integrate the equa-
tion of motion of the imaged scalar, i.e.,

a+u.Vc = DV2c , (12)

to obtain

ci[V(x, ti)]-co[ (x, to)]-VI V 2 c[ .(x,r),r] dr = 0, (13)
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where
co(x) c(x, to) and c(x) c(x, ti) (14)

represent the c(x,t)-field at times to and tI, respectively, and 1) is the appropriate
diffusion coefficient.

In the first two examples, the motion of food coloring in glycerine (Sec. 3) and
dilute fluorescein in water (Sec. 4), are examined. In these flows, the diffusion of
the dye markers, in the time interval between successive images, is relatively small
and may be neglected, i.e.,

(t-to)V 1, (15)
£2

where, tI - to = 0.1 a is the time between images, t = 50 to 80/1m is the imaging
resolution, and the diffusion coefficients are no larger than V = I0-9 m2/s. In
addition, we note that the Schmidt number is large in both flows, i.e.,

S, u- > 103 , (16)

where v is the kinematic viscosity. In the first example of the dye marker in glyc-
erine, the fluid flow is two-dimensional, as is the image, and the image-flow velocity
field, u(x, t), is a good representation of the fluid-flow velocity field, uf(x, t). In
the second example, both the flow velocity and the imaged scalar field are three-
dimensional, while the image is two-dimensional. As we will discuss, the image-flow
field need not necessarily represent the flow velocity field, in that case. In the third
example, the motion of the imaged quantity in the Jovian atmosphere (Sec. 5) does
not follow any simple equation of motion. In that example, the derived image-flow
velocity field can be expected to be an even poorer representation of the fluid-flow
velocity field.

In cases where the diffusion of the imaged scalar can be ignored, Eq. 13 becomes

ciW(x, t)] -cO[C(x, to)] = 0 . (17)

Equation 17 represents a significant simplification over Eq. 12, its differential coun-
terpart. It contains no spatial, or temporal, derivatives and suffers few of the
drawbacks associated with the gradient methods discussed earlier (Sec. 1.2).

Using the integral equation of motion (Eq. 17) in place of the differential equa-
tion of motion (Eq. 7) in the optimization (Eq. 9), and generalizing the optimization
to three dimensions then yields an expression for determining t(x, to) and C(x, t1),

min /~a V ({(Cj[(X,ti)] -o[((xt)] } ) dmin0[4X~o~l)2+ k02 )d 3X. (18)
(x,•o),' (x,tI
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In the spirit of the correlation methods discussed in Sec. 1.1, where the type
of motion within the correlation volume is limited to translation alone, the present
method restricts t(x, to) and t(x, t I) to the first few terms of a series approximation
for C(x, t). While many representations of the displacement field could be employed,
a (Taylor) series representation is used because the first two orders in the series
expansion correspond to physical fluid mechanical quantities, i.e., the velocity vector
and the velocity gradient tensor. More importantly, the series approximation has
the additional benefit of enforcing smoothness in the displacement and displacement
gradient fields within a correlation volume.

2.2 Displacement field and kinematic quantities

In the case of fluid-flow images, the quantity t(x, t) is a complicated nonlinear
function of the imaging process, the nonlinear convection dynamics, and x. Local
estimates of this function can be made by Taylor series, expanding t(x, t) in space,
at some time t, in an image correlation volume, V. This yields,

1

V(x,t) = V(x;t) + (x- x)J. VV(x;t) + . [(x-xc) . V12 C(xc;t)+... (19)

In this expression, x. denotes the center of the image correlation volume, V, at
time to, and Vt(xc; t) denotes the gradient of f(x, t) with respect to x, evaluated
at xc. Figure 2 plots the number of parameters used in the optimization process as
a function of the order used in the series expansion, for two and three dimensions.
Figure 3 illustrates the effect of the various orders of the expansion on a two-
dimensional square "volume."

Using a finite difference approximation in time for the velocity, Eq. 11, and the
series representation, Eq. 19, evaluated at times to and tI, yields an estimate for
the velocity within the correlation volume, i.e.,

t C(x;ti)- (x;to) (20)
ti -to

where to _5 t < tj. Similarly, taking the spatial gradient of Eq. 20 yields an expres-
sion for the velocity gradient tensor within the correlation volume, i.e.,

vu[ý(x; t),t] =- a-u[ý(x;t),t] -_ VV(x;tI)--V(x;t0) (21)

ti - to

Vorticity, divergence, and strain rate can then be obtained from the components of
the estimated velocity gradient tensor, Eq. 21.
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FIG. 2 This plot shows the rapid increase in the number of parameters used in the
optimization procedure with increasing order of the series expansion. "*" is
for a 2-D expansion and"o" for 3-D.

There is some freedom in choosing the coordinate transformation at the initial
time to, C(x, to). Our choice is to have the coordinate description at the initial time
to correspond with the local Eulerian coordinates at that time, i.e.,

V(x, to) = X.- (22)

In terms of the series expansion, Eq. 19, this means that

Vf(xC;to) I , (23)

where I is the identity tensor, and all other higher order derivative terms are iden-
tically zero.
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Translation (no deformation)

Linear deformation

Quadratic deformation

Cubic deformation

Combined translation and deformation

FIG. 3 The effect if translation and various orders of deformation on a two-
dimensional square "volume." See Sec. 2.2.
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2.3 Seeking a global solution

A solution for the coefficients of the series expansion, i.e., t(x,;t), Vt(x,;t),
etc., can be obtained in a neighborhood around xc using the expansions for
t(xto) and t(x,t) from Sec.2.2. The unknown coefficients of the series ex-panion, I(xc;t), Vt(xc,;t), etc., are treated as parameters in an optimiza-
tion procem. To minimize the difference between two data sets (images), in
a least squares sense, for a single correlation volume, we use the optimization,
Eq. 18, in conjunction with the series approximations developed in Sec. 2.2, i.e.,

n•nC, j ({vCx;ti)•+(x .(X " VJ "'xC;t -+o'x]} +

+ ka 2 ) d 3 x (24)

The optimization implied in Eq. 24, combines many of the best features of corre-
lation methods and gradient methods, while eliminating many of the deficiencies.
Specifically, this optimization method has high immunity to noise, uses the equa-
tions of motion, can incorporate constraints, requires no differentiation to calculate
the displacement field, and can capture displacement gradients within a correlation
volume.

In principle, a single correlation volume covering the entire image and a series
approximation of a high enough order can be used to capture the entire image
displacement field. In practice, however, employing a series approximation beyond
the third order (cubic) term is impractical because of the rapid increase in the
number of parameters in the optimization process with increasing order (see Fig. 2),
and the associated increase in the computational time and complexity. In the
present calculations, when the quadratic term is not sufficient to capture the image
deformation over the entire flow field using a single volume, as is usually the case,
several series expansions residing in smaller, adjacent, correlation volumes are used
in place of the single large volume.

To construct a global optimization using a number of local series expansions, we
require that neighboring correlation volumes, with independent series expansions,
must yield consistent results. In the present method, we use the expansion for the
displacement field about one correlation volume to estimate those of its neighbors.
The displacement field of these neighbors is also estimated in terms of their own se-
ries expansions. The root-mean-square difference between displacements estimated
by neighboring correlation volumes is applied as a constraint cost function. Since
it is necessary to refer to a number of series expansions, it is useful to define the
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FIG. 4 The kl - k8 solid circles denote the points in Vi used by the constraint cost
function aj. The empty circles denote their counterparts estimated by the
neighbors Vil - Vj 4 .

taylor series for f(x, t) in a neighborhood Vi centered about xc,. as

CV(x;t) (xC,;t)+(x-xC,).Vf(xC,;t)+•.[(x-xC,).Vf•(x,;t)+... (25)

When series expansions about multiple points are then employed, the minimization,
Eq. 24, is modified, i.e.,

min n ({ [•;(x;tl)] c 2 + k a? ) d 3 x, Vi . (26)S.... I {o, V ;ti - b[X )'
This minimization is performed within all the Vi, simultaneously, and the square
of the constraint cost function,

(27;P= XX ] I•,(x;t)-4j(x&;t)l2  (27)
3 k
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is applied to provide global continuity of the solution. C, denotes the series expan-
sion about the "j" neighbors of V, and x& denotes the "k" points of comparison
between the solutions C, and C,. See Fig. 4. In the present method, eight points
about each correlation volume are used for comparison, three with each of four
neighbors. These eight points are sufficient to define the series expansion coeffi-
cients of the correlation volume, up to quadratic order.

The present implementation of the method can solve Eq. 26 for two-dimensional
flow up to the cubic term in the local series expansions, but the series is usually
truncated at quadratic order. The optimization of Eq. 24 is accomplished using a
multidimensional minimization process, with image data between pixels estimated
using bilinear interpolation. See for example Press, et al. (1988).

2.4 Minimization parameters in two dimensions

Typical CCD imaging technologies today are limited to two-dimensional (spa-
tial) data. This is not a problem if the flow being imaged is also two-dimensional.
This section describes how the method is applied in two dimensions. First, we de-
velop the terms of the series expansion, Eq. 19, for two-dimensional flow. With the
two-dimensional vector L6] x-X , (28)

as the position, x, relative to the center of the correlation volume, xc, the terms
of the series expansion at a time tj appear as a constant term,

V(xC; tO= kI ,(29)

where the a, are the vector coordinates of the center of the correlation volume at
the time tj, i.e.,

a, - x; t), (30)

a linear term,

(X - xC) - V(C~; t) 0 ft 11  al,2] . ['11(31
12:1 at2 ,2 J L62J (1

where the ai, represent the first order deformations and rotations of the image
field within the correlation volume, i.e.,

a,, (x3 ; t 0 (32)

a quadratic term,

1 ai.i.i al,12 a1 .22  ~(3

62 (33)
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where
+ 2 ,(34)

a cubic term,

[ 1
LJ21[(XXC).V]3 t(XC;t 1 ) = [a1,111  G1,ll12 C11, 122  Ck1,222 1 452 (35)

C12,111 Ct2,112 C12,1l22  Cr2,2 22  2 [6J

with
wkth 1(.3 ) 3 3•(xc;ti) (36)T!k = i + j + k - 3 ) 03xjiDzcAOtx t '

and so on for higher order terms. The aijk and a,,jkL are, respectively, related
to the second and third derivatives of the displacement field within the correlation
volume, i.e., by Eqs. 34 and 36.

The velocity and velocity gradient (Eqs. 20 and 21), can also be written in
terms of the parameters of Eqs. 29 and 31 and the series expansions at times to
and t1 , i.e.,

u(xC' t) =- [U] = 1 [a,-zX] (37)
u t1 -to La2  YcJ

where

XC = X(38)
IYC

and

Vu(xC,t) - oU/ = OU/ J =] -I oL a1 ,i 1 aI, 2  1 (39)

Alternatively, the velocity gradient can be written in terms of the in-plane vorticity
and rate-of-strain tensor, i.e.,

Vu(xC,t) = ] + - (40)LWX/2 0r a '

where w. is the vorticity, i.e.,

WS = a2,1 - al,2 (41)tl -- to

and oar, S.., and 9s,, are the components of the rate-of-strain tensor, i.e.,

= al, - 1(42)
ts-to
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a= 2,2 -1 (43)
tl - tO

and
1al,2 + a2,1 (44)

2 ti -to

An interesting quantity to consider is the second invariant of the rate-of-strain
tensor (see Cantwell 1992, for example), i.e.,

-2q. = s2 +2s!V+s (45)

3. Couette flow between concentric cylinders

An apparatus to generate a Couette flow between concentric cylinders was
fabricated for the purpose of testing the method. The cylinders were made from
248mm lengths of stock Plexiglas tubing. The inner and outer radii of the annular
region between the cylinders were nominally 25.2 mm and 40.9 mm. The cylinders
were from stock Plexiglas tubing, so the uncertainties in the radii were ±1 mm. The
outer cylinder was rotated with a rotation rate of 1.1 rad/s, with the inner cylinder
stationary. In this example, employing a dye marker in glycerine, the fluid flow is
nominally two-dimensional and the marker follows the flow. Hence, the image-flow
velocity field, u, can be accepted as a good representation of the fluid-flow velocity
field, uf.

Images were recorded using a Texas Instruments Multicam MC-1134GN Multi-
Mode B/W Camera. The data were stored digitally using an in-house multiple frame
grabber (12-bit A/D), designed by Dan Lang and Paul Dimotakis of GALCIT, set to
record up to 28 of the 1134 x 468 pixel gray level images from the camera, spaced
by 100 msec (adjustable between 33 and 267 msec). Because the horizontal and
vertical spacing of the pixels were not equal on this CCD, grid spacings and image
correlation volumes with a ratio of 1:1.74 (vertical:horizontal pixels) were used to
yield a uniform spacing of the data in the real image plane. Flow visualization
was performed by randomly distributing red food coloring (dye) on the surface of
the fluid. To provide backlighting for the dye marker, the fluid beneath the surface
contained a translucent white suspension of 3 ;m aluminum oxide (A1203) particles
in glycerine. When illuminated from the side, this provided nearly uniform white
backlighting for the dye being imaged on the surface. Because of the depth of field
of the imaging and the high density and uniform distribution of the aluminum oxide,
scattering from individual particles was not detectable in the video images.
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FIG. ,5 Initial placement of series expansion neighborhoods. Each squa;rE, denot.es i
control volume. The sinall circle at, the center of each ci• it rol voh ilii d(I otles
the ceniteri'. or con tro)l point. of a series exp)alnsion .

In the presenit investigations, only the outer cylinder w;., rotateI. 1iviice the
velocity field can be written as (,e.g., Scldicltiiig 1979).

,,(r, 0) 11,1(r.0) r/r, - r, r
!),, r,, = ) Ald ,, r,, - r,,,/ r, -- r,/'r,, '( 6

where r ..u,- . .nid ul, aire tle rauli~d ial and augflr l-poitioi... anld v,.hiil,,i i" " "
tively. Q,, V., the rotationi rate of the outer cvlind'r. anid r, wuI r,, air lj,' iwir
Midl omiter raulii ,f ilw ch iunll'r... cli ti .hi t lw. tflo , ilic,'dI'' i- /,,0r . I f

V n =0 .) 17I

• (r./I E I• •" ,' ll r" #i --- -¶1 k
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Flo. 8 Difference between Couette flow images under the mapping, quantified by
the value of the optimization functional (arbitrary units), as a function of
the number of terms in the two-dimensional series expansion.
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4. Cylinder wake flow. Two-dimensional slices of three-dimensional data

In this section, we present the results of applying the two-dimensional cor-
relations to two-dimensional slices of a three-dimensional flow in the wake of an
impulsively started circular cylinder. Here, the cylinder is 1.75 cm in diameter and
45.5cm long. It is drawn through a distribution of fluorescein dye in water at a
speed of 1.27 cm/s. The Reynolds number in this case is,.

Ud
Re -= ; 220 , (49)

where U is the cylinder speed, d is the cylinder diameter, and v is the kinematic
viscosity.

FIG. 9 Initial placement of series expansion neighborhoods. Each square denotes a
control volume. The small circle at the center of each control volume denotes
the center, or control point, of a series expansion.
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The CCD camera and data acquisition system are the same as for the Cou-
ette flow test case (Sec. 3). Laser sheet illumination is provided by a Continuum
model YG661-10 frequency-doubled YAG laser. The laser was operated at 532 nm,
300 mJ, 5 ns pulses width, at a rate of 10 Hz. The flow here is three-dimensional in
both the velocity field and scalar distribution.

FIG. 10 Displacement of grid after 100 ms, estimated using the nonlinear correlation
process.

Figures 9 - 14 demonstrate the method on images of a vortical structure forming
in the wake of the cylinder. These images were taken after the cylinder had traveled
about 8 diameters. The image at the initial time is shown in Fig. 9, and 100 ms later,
in Fig. 10. In this case, the series approximation used in the correlation process was
expanded to quadratic order. Figure 11 shows the displacement of the centers of
the correlation volumes.

The two-dimensional vorticity is displayed in Fig. 12. A large vortical region
can be seen in the wake of the cylinder. The two-dimensional divergence, presented
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FIG. I11 Displacemienit of Centers of grid over 100 ins.

in Fig. 13, exposes the thiree-dininnsionality in the flow. Figuire 14 plots the second
invariant of the rate-of-strain tensor. Note the region of strain (rate) that. seemis
to follow the p~erip~hery of the large vortical structure. This could b~e at region of
vorticity. froiii the p~reviouisly shed vortical structure, that. is being strainled aroundl
the current, one.

As at general observation, an important. issue arises when imaging at two-
dlimiensional ( planar ininagc) slice of at three-dimensional field of a conitinuious scalar,
C( X. t ). it ill tile previous exammple. Ani out-of-plane commponient of time fluid-flow ve-
locity, Uf , coupled with '11ai ouit-of-idane componenit of the scalar gradient,. V'(-(x. t)
will contribute to the in-plaime image-flow velocity u . Ini this cise the equaltion for
the in-plamie image flow canl still beH writ-tenl as.

ac Oc O c Oc ac
- + - -+11-+?- = 0, (50)at Ox at aX, a.11

where we have aussuimiedl that thme ilmage irradiance E( x. t ) is p~rop~ort~ional to the Iwo-
dhilmensionial slice of the Scalar conmcenitrat~ioii. c( x, t ), and where thme in-plane image-



o,, _0u Solid

FIG. 12 Contours of constant plane-normal vorticity, V x u Solid
contours denote zero-vorticity. Long dalshes denote positive values and
short. da(shes negative. Contours spaced by 0.5 s-1

flow velocity, u = (u, v) = d•/dt (Eq. 11), is the one derived from the minimizat ion
fiuction. w; described above.

Considering the transport of the tiree-dimiensiozial iso-scalar surfaces (see
Fig. 15), we find that. the two-dimensional u = (u. v) in-plane iniage-flow velocity
cOIII)OImpIets are related to the three-dihiiellsioilld Uf = (u, vf, 11,f) fluid-flow velocityv
and the three-dimensional scalar gradient components. In particular, we have.

Dc Dc/Dx
It = ILf + 711f a OO_( C /O 9x) _ + ( O_/ O )_ -

Oz (Dc/D9r)2 + (OC/D9!1)2
Oc Dc/O!./ (51 )

VY = Vf + IWf- _ _____

Oz (Oc/Or)2 + (Oc/Dy)2

As can be seen., by substituting Eq. 51 in Eq. 50. these relations recover the t hrle-
dlimensional transplort eqiatioi for a coniserve'd scalar field c(x. t). in tlie cLa.,e of
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FIG. 13 Contours of constant (livergence, V • u = 2 As in Fig 12. the

contours are Sp)ac(ed )3y 0.5 s-

niegligil)le diffusion. i.(:..

ac ODc c Oc ac ac
+ uf - + Uf + Vf-1+,f = 0

Ot Ox(t Dx y Oz

Thes(' results p)rovi(de us with the criteria for when the in-Ilan, iCniage-flow
velocity cal be regard(ed wls a good appl)roximation to the iii-l)laIve flui(1-ftow Velocity.
III particular. we will have.

i ( C/Oc Oz (9cI -i f- >> -- ,(52a)
tiff (O•,/OX)2 + (Dr/Oy)2 OX

V, S_- Df ,/if >> D / a zac(521)),,,0(OlC)X)- + (,/ j)2 a
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FIG. 14 Contours of constant second invariant of the rate-of-strain tensor (Eq. 45).
qq= - !,,2+ (!L)2 (!L(,2 + !L,)2 aoitis ped1 by 0.5s-2

Wecan see that. if uwf is small, or if Oc/Oz is small, or both. by time measure in Eq. 52.
then tihe in-Jplalme iimiage-fiow velocity field canm be accepted as a good representation
of the in-plane fluid-flow velocity field.

Finmally. since this miethod estimates the in-plane iniage-flow velocity u . and(
not thme fluid-flow velocit~y Uf , its application to two-diniensional image slices of
three-dimnensionmal scalar field data is idlentical to its app1lication to two-dimensional
scalar dlata.
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Z

to, ) = const.

c(x, tQ) = const.

2-D image plane

FIG. 15 Two-dimensional slices of a three-dimensional scalar field c(x, t). uf in-
dicates the 3-D fluid-flow velocity and u is the resulting two-dimensional
in-plane image-flow velocity.

5. Voyager 2 images of Jupiter

The method is also illustrated on a pair of the images of the atmospheric dy-
namics of Jupiter taken by Voyager 2. These images were taken from the "Voyager
Time-Lapse, Cylindrical-Projection Jupiter Mosaics," by Avis & Collins (1983).
640 x 350 pixel subimages of rotations 349 and 350 were used in the correlation
process. The subimage spans 1680 to 97* longitude and 00 to -46* latitude (the
equator is at the top of the image). The subimage from rotation 349 is shown in
Fig. 16, with an overlay of the initial placement of the correlation volume neighbor-
hoods. The vertical line on the left is a reference line which is to be deformed using
the mean zonal velocities of Jupiter from Limaye (1985). Figure 17 shows the same
region, one rotation later, with the associated grid deformed by the nonlinear cor-
relation method. On the left is the reference line from Fig. 16, carried by the mean
zonal flow. The displacement of the centers of the correlation volumes is shown in
Fig. 18.
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FIG. 16 I nitaapaemn o oreatin olms ve*nn ola sb-nleo o
tation 39fo te"oagr Tie-apsnnnlndricnPrjtlllJpie

VAn.

FI.16Iita paemn o oreato vlme velyduon asbiao o
tatin 34 fro th ~ Voar TieLas. ClnrclPoeto ui

Mosaics7"DEachmsquar of the grrea idn denotes ase correl),aftion vol .Te cr-ttin
Tiha line onl the left. is a eferened line tole veartia ine( ithi. 6usng themenoxa
menznlvelocit~y of Jupiter(e i. 1)
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FIG. 18 Displacemnet of grid ('otitrol points (o fcnt ers oif o'•)irot'at l iI,, wdi ii,'. afto,'r
one rotation. I'h(- lines oil th le lft deletott' thet. di.,pla .t,'-iiii'i 7.1a tOw,. :zo'.i
zonal flow of .hnpuiter.

6. Conclusions

Series expansioins of inlLage' (lisplj•daet 'IIt. ini con'j ct 'i,)o wit Ii ;t "I' -Id 11, %1'
correlation liIet ()0(. ('all bc I ls(. (l to iIn a.-mi-, fid ' 'lht'it '.-, aiil ',-',ct v •, a•hrint -

from pairs of ('ontinu u.s. 'oi ve,:toI . 5('alar idiL agl.. It i (W sl I) Z II, iit i, 'a.-lig

the order of the expansion c'all Impr ove thle a'c'ul'-a'v of thI lie r .I'lc•tlt J l, ', I
method does not rv(juil'e (liscrete particles and may also Ibe uIsI'I taii,• i•,. ten'
there is a natural miarker alrea(ly in the flow, c.y.. svl)t('i(,S ('oIi('f'itrath)t, ('all Ibv
use(d to ic•,•asr'e veloc'ities in (cOmlpressibIle' flow, T!iv' m,, ..t. I I, d( 'v 'h(i)o.-I f(tIi
thre(e-dimensionial data sets and d(emonstrate(d on two-' ii-iieitsit)h iluae. o)f fluil
flow.
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